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Introduction 



Given a path {A{t)\tER},oi linear operators on some Banach space E, we eonsider the 
differential operator 



on suitable spaces of curves u:M. ^ E. A classical question is whether the operator Fa is 
Predholm and what is its index. If A{t) is a path of unbounded operators the literature is rich. 
We recall the work of J. Robbin and D. Salamon, [45], where A is an asymptotically hyperbolic 
path of unbounded self-adjoint operators and defined on a common domain W G H compactly 
included in a Hilbert space H. For such paths they prove that the differential operator 



is Fredholm. The index of Fa is minus the spectral How of A, an integer which counts alge- 
braically the eigenvalues of A{t) crossing 0. The result applies to Cauchy-Riemann operators 
and it is widely used in Floer homology. This result has been generalized to Banach spaces 
with the unconditional martingale difference (UMD) property by P. Rabicr in [44] ; the compact 
inclusion of the domain is still required. In this setting, the identity 



holds. Y. Latushkin and T. Tomilov in [33] proved the Fredholmness of the operator Fa for 
paths A with variable domain D{A{t)) C E with E reflexive using exponential dichotomies. 
D. di Giorgio, A. Lunardi and R. Schnaubelt in [17] obtained the same results for sectorial 
operators in an arbitrary Banach space and give necessary and sufficient conditions on the 
stable and unstable spaces in order to have the Fredholmness of Fa- 

For the bounded case the problem has been studied by A. Abbondandolo and P. Majer in 
[3]. This setting is suggested by the Morse Theory on a Hilbert manifold M: given a vector 
field ^ on M and (/)f its flow, x and y hyperbolic zeroes of ^ the stable and unstable manifolds 



are immersed sub- manifolds of M, in fact they are sub- manifolds if the vector field is the 
gradient of a Morse function on M. It is not hard to check that the intersection of the stable 
and unstable manifold of two different zeroes is a sub-manifold if, for every curve u'(t) = ^{u{t)) 
such that u{+oo) = x and m(— oo) = y, the differential operator 




Fa - i^(K,I^) n W^^'^(K,F) ^ L^(K,i/), u^^i -Au 



(1) 



indi^^ 



sf(^). 




Fa{v) =v'- Av, A{t) = Di{u{t)) 



is surjectivc and "kcvFA splits. Since x and y arc hyperbolic zeroes A{+oo) and A{—oo) are 
hyperbolic operators. In [3] the study of the Fredholm index of such operator is carried out by 
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considering the stable and unstable spaces 

WA^\xeE\ lim XA{t)x^o\ 

WX = \ xeE\ lim XA{t)x = I , 

I t— > — oo J 

where Xa is the solution of the Cauchy problem X' = AX with X{0) = I. HA is an asymp- 
totically hyperbolic path on a Hilbert space the following facts hold: 

Fact 1. The stable and unstable spaces and are closed in E and admit topological 
complements, Proposition 1.2 of [3]. 

Fact 2. The evolution of the stable space XA{t)W^ converges to the negative eigenspace of 
A{+oo), and any topological complement of converges to the positive eigenspace of A{+oo), 
with a suitable topology on the set of closed linear subspaces of a Hilbert, see Theorem 2.1 of 
[3]. 

Fact 3. If two paths A and B have compact difference for every t e M the stable space 
is compact perturbation of Wg, Theorem 3.6 of [3]. 

Fact 4. The operator Fa is semi-Fredholm if and only if (M^l,^^^) is a semi-Fredholm 
pair; in this case indi^_A = ind(W^, W^), Theorem 5.1 of [3] 

In the bounded setting the spectral flow is defined in [42] for paths in F'^°'{E), the set of 
Fredholm and self-adjoint bounded operators. Unlike the unbounded case described in [45] and 
in [44], given an asymptotically hyperbolic path in F^°'{E) the equality indi^^ = —si{A) does 
not hold in general. Examples are provided in §7 of [3]. Our purpose is to generalize firstly 
these facts to an arbitrary Banach space E and, secondly, to define the spectral flow for suitable 
paths and prove that for a class of paths the relation (1) holds. 

In the first chapter we define some metrics on the set of closed linear subspaces of E^ the 
Grassmannian of E, denoted by G{E), and the subset of complemented subspaces, denoted 
by Gs{E). This is done in order to have a definition of convergence of subspaces. Our main 
reference is the work of E. Berkson, [8]. We also establish which pairs of closed subspaces {X, Y) 
are compact perturbation of each other and the relative dimension for such pairs is defined. In 
finite-dimensional spaces, the relative dimension is dim(X) — dim(y). A definition of relative 
dimension exists in Hilbert spaces, refer [3, 12], and we know of an existing definition in Banach 
spaces for pairs of projectors (P, Q) with compact difference, in [54]. In this chapter, we extend 
the definition to arbitrary pairs of closed subspaces in every Banach space E. These definitions 
allow to state Fact 1 and Fact 3. 

Wc use the notation 'P{E) for the space of projectors on a Banach space E and V{C{E)) 
for the space of projectors of the Banach algebra C{E) = C{E)/Cc{E). In chapter 2, we prove 
in Theorem 8.1 that, for every projector P, we can define a group homomorphism, namely (pp, 
on the fundamental group of V{C{E)) at the base point p{P) such that the sequence 

ni{v{E), p) Mr{c),p{p)) z 

is exact. We characterize the elements of the image of <^p and give a sufficient condition making 
tpp inject ive. We have 

hi) P is connected to a projector Q such that Q — P E Cc{E) and dim(Q, P) ~ in if and 
only if m € Im((/7p); 

h2) the connected component of P in V{E) is simply-connected. 
We show some examples of Banach space where no projectors fulfills hi) and prove in Proposi- 
tion 8.4 that if E has a complemented subspace, sum of two subspaces isomorphic to each other 
and to their closed subspaces of co-dimension m, then a projector on each of the two factors 
satisfies condition hi). These properties are verified by an orthogonal projection in a Hilbert 
space with infinite-dimensional kernel and range. The most common Banach spaces such as 
the measure spaces L^(ri,/x), L°°{Q,p) and spaces of sequences £P,m,co (see [38, 49] for a 
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richer list and references) have a projector satisfying conditions hi, 2). When two projectors 
are connected by a path of projectors, their ranges are isomorphic, thus, in view of h2), the 
problem of determining the image oi Lpp is strictly related to the question whether Range P is 
isomorphic to its subspaces of co-dimension m or not. As a consequence of the counterexamples 
of W. T. Gowers and B. Maurey in [26], of infinite-dimensional Banach space not isomorphic 
to its hyperplanes, such P might not exits. Using a construction in [27] of a space isomorphic 
to their hypersquares (that is, subspace of co-dimension 2), but not hyperplanes, we can show 
easily that in some case Im((/jp) = 2Z C Z. Using a construction of A. Douady in [20], we show 
that Lpp IS not injective even if it can be surjective. 

In chapter 3 we study basic properties of the Cauchy problem X'it) = A{t)X{t), X{Q) = 1. 
Here A{t) is a continuous and bounded path on C{E). We define the stable and unstable spaces 
of A, denote by and W^, and prove Fact 1,2 in Theorem 4.1. The proof differs from 
the one that the authors of [3] used for Hilbert spaces, only for the lack of a scalar product 
in (63,76) which can be fixed using results of continuous selection, refer Appendix D and [6]. 
Moreover, the stable manifold is well behaved with respect to small. Theorem 5.1 and compact 
perturbations. Theorem 5.4, that is Fact 3. 

In chapter 4 we study the Fredholm properties of Fa, defined on the space of continuously 
differentiablc functions vanishing at infinity with their derivatives with values on continuous, 
vanishing at infinity. In Theorem 2.2 we prove that Fa is a semi- Fredholm operator if and 
only if the pair {W^, W^) is semi- Fredholm and, if this is the case, the index is the same. The 
extension is made with slight modification of the argument of Theorem 5.1 of [3]. 

In chapter 5, we give a definition of spectral flow for paths in the space of essentially 
hyperbolic operators, denoted by eH{E). Such definition coincides with the one given by 
C. Zhu and Y. Long in [54] and improves it making the spectral flow easier to compute and to 
produce examples. Their definition, and thus ours, generalizes to Banach spaces the definition 
known for Hilbert spaces (refer [42]). In Theorem 2.3, we prove that, given a projector P, the 
composition sf2p^/ o $, where sf2P-/ denotes the spectral flow defined on the fundamental 
group of {eH(E), P) and $ is the homotopy equivalence defined in Theorem 1.4, coincides with 
—If p. Hence, anything holds for the index ipp is true for the spectral flow as well, including 
conditions hi) and h2). Thus, in contrast with the behaviour in a separable, infinite-dimensional 
Hilbert space, where the spectral flow is either trivial or an isomorphism, due to the examples 
provided in Chapter 2, we have different behaviours. In the last section we prove that for a 
suitable class of paths in eH{E), namely the essentially splitting and asymptotically hyperbolic 
ones, there holds 

indF^ = -sf{A). 

In [3], A. Abbondandolo and P. Majer guessed that the above equality holds in more restricted 
class of operators, where the positive and negative eigenspaces are fixed 

E+{A{t))=E+, E-{A{t))^E-. 

Our result proves that the guess is correct and extends to the class of essentially hyperbolic and 
essentially splitting operators. We achieve this result in several steps: in Lemma 3.4, we prove 
that an asymptotically hyperbolic path. A, is essentially splitting if and only if the projectors 
of the set {P+(A(t)) ] t G R} are compact perturbation of each other. In Theorem 3.5 we 
compute the spectral fiow for an essentially splitting path 

sf(^) = -dim(RangeP-(A(-h(cx)))),RangeP"(^(-cx)))). 
For such paths we also compute the Fredholm index of Fa in Theorem 3.3 

indFA dim(RangeP"(A(+(oo))),RangeP"(A(-oo))). 

Thus we obtain the desired equality si{A) ~ — indP^. 

I would like to thank my advisers Alberto Abbondandolo and Pictro Majer for their aid 
and suggestions and my parents and my sister for always encouraging and helping me. 



CHAPTER 1 



Topology of the Grassmannian 

Given a metric space {X, d), we define the HausdorfF space, which is the set of bounded and 
closed subsets endowed with the distance metric and denoted by {J^{X), d^). We can define 
a metric on the family of closed, linear subspaces of a given Banach space E through the map 
that associates a linear space Y with the unit disc of Y . We call this metric space Grassmannian 
and show that equivalent metrics, namely 6s and Si, can be defined on it. We show that the 
topology is well-behaved with respect to the action of invertible operators of E, to the graph and 
to the annihilator Y i-> Y^. We show that the subset of the linear, complemented subspaces is 
open. The last two sections of the chapter deal with the definition of relative dimension for pairs 
of closed linear subspaces, its relation with compact perturbations of projectors and Fredholm 
operators. We know of an existing definition of relative dimension for pairs of projectors in 
[54]. Our main references are [8, 39, 30]. 

1. The Hausdorff metric 

Let {X, d) be a metric space. Given two subsets oi A, B C X it is well defined the distance 

distfa, i?) = inf d(a,b). 

We denote by Jf{X) the family of closed, nonempty and bounded subsets of X. It is defined 
a metric on J^f{X) as follows: let A, B be two closed and bounded subsets of X. Define 

p^{A,B) = supdist(a,B), 5,^{A,B) = max{p^-{A, B), pji^{B, A)}; 

the second is called Hausdorff metric. We show that it has all the properties of a metric. It is 
clearly symmetric; if pjp{A, B) = A C B because B is closed. Thus 5^ {A, i?) = if and only 
it A = B. For the triangular inequality let A,B,C G J^{X) be closed and bounded subsets of 
X. Given e > there exists ai E A such that 

(2) p,_^{A, C) <e + dist(ai, C) <e + d{ai,b) + d{b, c) 

for any (6, c) G B x C. Taking hi G B such that d{ai, bi) < e + dist(ai, B), (2) becomes 

pjriA, C) <2e + dist(ai, B) + d{bi,c) 

for any c G C. Taking the infimum over C we find that pjt«{A,C) < p,^{A,B) + p^^{B,C). 
Finally, suppose that 5^{A,C) = p,^{A,C). Therefore 

SMA, C) - pMA, C) < PM'{A, B) + p^{B, C) < b^{A, B) + S^{B, C). 

The following proposition states a relation between the metric spaces {X, d) and (^, (5^). The 
proof of this can also be found in [32] . 

Proposition 1.1. The application 5^ : M' x J^if — > defines a complete metric in J^f{X) if 
and only if {X, d) is complete. Moreover if { An \ n G N} is a converging sequence its limit is 
the set of the limits of sequences {a„} such that a„ G An. 

Proof. We have proved that 5^ is & metric. Given a,b G X \t follows from the definition 
that 5_^{{a},{b}) = d{a,b); thus, for a Cauchy sequence {a„} C X, the sequence {{a„}} 
converges to a closed and bounded subset of S* C X. For every element s G S there holds 

d{s, On) = dist(s, {an}) < 5,^{S, {«„}) 
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thus s is the hmit of the sequence {a„}. By uniqueness of the hmit S consist of a single point, 
thus {X, d) is complete. To prove the converse let {An} be a Cauchy sequence in Jff{X) and 
e > 0; there exists n(e) such that for every n > n{e) 

5j^{A^(^),An) < e/2; 

given a e An^e) using induction wc can build a sequence {ak} and rik G N such that 

(3) flo = a, flfc e An^, no = n{e), rik+i > Uk, d{ak+i,ak) < 2^'-''+^^; 

then {ofc} is a Cauchy sequence in X and, since X is complete, converges to a limit, say x. 
Define L as the set of the elements that are limits of sequences {uk} such that e Aij.- The 
construction above shows that L is nonempty. We prove now that An converges to L; first there 
exists uo & An(s) such that 

PjeiAn{e),L) < e/8 + dist(ao,i); 

let {uk} be as in (3) and call x its limit. Let k be such that d{ak,a) < s/8. We have 

fc-i 

P.^{An{e),L) < e/8 + d{ao,ak) +d{ak,x) < e/A + ^d{aj+i,aj) 

j=o 

OO 

< e/4 + e^2-^' < e/2; 

thus < pj^(An, An[e)) + Pje{An{e)T L) < £ for evcry n > n(e). Similarly there exists 

X € L such that 

pj(f{L,An(^e)) < e/8 + dist(a::, A„(.)); 

by definition of L there exists a sequence ak converging to x such that ak G An^. Choose fc(e) 
such that, for every k > k{e), we have 

d{x,ak) < e/4, Uk > n{e)] 

by the triangular inequality, for every n > nk[E), we have 

Pjf{L,An(e)) < e/4: + dist{x,An)+ p.J^{An,An(^)) < £, 

thus 6^^{L,An) < e. This proves the completeness of J^f{X). To conclude the proof observe 
that, since pjp{L, An) is an infinitesimal sequence, given x € L there exists an infinitesimal 
sequence {£«} and a„ such that 

d{x, an) - e„ < dist(a;. An) < p.^{L, A„); 

taking the limit as n — >■ oo we prove that {a„} converges to x. □ 

2. Metrics on the Grassmannian 

Let (i?, I • I) be a Banach space. Wc define G{E) as the set of the closed linear subspaces of 
i5, called Grassmannian. We define a complete metric on this set. To a linear subspace Y C E 
we have the following subsets of E associated to it: 

D{Y) = {yeE\\y\<l}, 

S{Y) = {yeE\\y\ = l}, (Y^O); 

OIL G{E) we consider the metric induced by the inclusion of subsets i: G{E) ^ ^^^{E), Y i— )■ 
D(Y). We set 

piY,Z) = pMD{Y),D{Z)), 
d{Y,Z) = dMD{Y),D{Z)). 

Proposition 2.1. The subset i{G{E)) is closed in J^f(E), hence d is complete. 
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Proof. Let 1^ be a sequence in G{E) such that D„ = D{Yn) converges to D C E, a 
nonempty, closed and bounded subset of E. Let Z be the hnear vector subspacc generated by 
D. We show that D is the unit disc of the space Z. In fact, we have the foUowing properties: 
pi) e £>; 

p2) provided Z ^ {0} we have D D S{Z); 

p3) D is star-shaped to 0, that is tx G D for every t G [0, 1] if x e D. 

All these properties are consequences of Proposition 1.1. For instance the first follows in that 
€ Dk for every k E N. For the second let z E S{Z); since D generates Z there are constants 
ti such that 

z^hyi^ h UiED. 

Each of these elements are limits of a sequence yi^k S Dk, hence, for every /c G N, we have 

Zk = hyi.k H h t„y,i,fe e Yfe 

^fe/|zfe| = iiyi,k H h t„y,i,fe G -D^; 

applying the Proposition 1.1 to the second sequence we find z £ D. The proof of the third 
property is similar and we omit it. From pl)-p3) it follows easily that D D D{Z): given z ^ 
in D{Z) the vector z = z/\z\ S D and, since D is star-shaped, z G D. The inclusion D C D{Z) 
it is just the definition of Z, hence D{Z) = D. To conclude the proof we show that Z is a 
closed subspace of E. Let be a sequence converging to x G E; ii x = clearly x E Z. If 
X for n large each term of the sequence is nonzero. We write 

Zji — ' I Zn 1 1 G D , 

since D is closed x E D. Thus z ~ \x\x belongs to vector space generated by D, hence z E Z. 
We have proved that D = i{Z). □ 

Similarly we can consider the inclusion of spheres given by j : G{E) \ {0} ^ ,^{E), Y i-^ 
S{Y) and define a metric on G{E) \ {0} as follows 

Ps(Y,Z)= p,^{S{Y),S{Z)), 

5s{Y, Z) = 5.^{S{Y), S{Z)), if y, Z ^ 0; 

we extend it to a metric on G{E) with P5({0}, {0}) = and ps{Y, {0}) = ps({0}, Z) = 1. It is 
also called opening metric (sec [8], §2). As above we have the following 

Proposition 2.2. The subset j{G{E) \ {0}) is closed in Jif{E), hence Ss is complete. 

The proof is similar to the previous one. It just takes to prove that limits of sequences of 
spheres is a sphere. 

Proposition 2.3. The metrics 6s and are equivalent. In particular the inequalities 

ps{Y,Z)<2p[Y,Z) 
p{Y,Z)<ps{Y,Z)- 

hold. 

Proof. To prove the first inequality we will use this fact: for any pair of vectors x E S{E) 
and y E E \ {0} we have |a; — y| < 2\x — y\ where y = y/\y\. Let Y,Z^ {0} and e > 0. There 
exists y E S{Y) such that, for every z E S{Z) and < r < 1 there holds 

p.MS{Y), S{Z)) <e + \y-z\=e + \y~Fz\<e + 2\y- rz\; 

taking the infimum over (0, 1] x S{Z) we find 

pMS{Y), S{Z)) < e + 2dist(y, D{Z) \ {0}); 

since pj^{S{Y), S{Z)) < 1 < 2 we can write 

p^iS{Y),S{Z)) < 2 min{l, e/2 + dist(y, D{Z) \ {0})}; 
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since = 1 the second member of the inequality becomes 

2 min{l, e/2 + dist(y, D{Z) \ {0})} 
<2 min{e/2 + \y\,e/2 + dist(y, D{Z) \ {0})}; 

the latter is equal to 

2(£/2 + dist(y, D{Z)) <s + 2dist(y, D{Z)). 

Taking the supremum over S{Y) we obtain 

pMSiY),SiZ)) < e + 2p,^{S{Y),D{Z)) < e + 2p,^{D{Y), D{Z)). 

If r = {0} and Z 7^ we have /3^({0}, S{Z)) = 1 = 5^{D{Z), {0}), thus we have proved that 
5s{Y,Z)<25{Y,Z). 

We prove the second inequality in the ease Y^Z ^ {0} first. Suppose p{Y, Z) and pick 
£ >0 such that < 2£ < p(Y, Z). There exists y £ D{Y) such that 

<e/2 + dist(y,Z?(Z)); 

in fact this implies y 7^ 0. Set y = y/\y\', there exists v e S{Z) such that 

d{y,iy) < £/2 + dist(y,S'(Z)). 

Hence the second term of the first inequality is bounded by d{y, |y|j^) which is equal to v), 
thus 

p{Y, Z) < e/2 + \y\diy, v) < e/2 + d{y, v) 
<e + dist(y,5(Z)) <£ + ps(>",^). 
If one among Y and Z is {0} we have p{Y, {0}) = 1 = ps{Y, {0}). □ 

By technical reasons we also define, for two closed subspaces y, Z 

Pi{Y,Z)^ sup dist(y,Z), =max{pi(y,Z),pi(Z,r)}. 

yeD(Y) 

The triangular inequality does not hold for pi (see [8], §3 for a counterexample). However the 
weakened triangular inequality holds, that is 

Z) < p,{Y, Z){1 + pi(X, Y)) + pi{X,Y) 

for every X,Y,Z (see [30], Ch. IV, Lemma 2.2) K 

Proposition 2.4. The topology generated by the neighbourhoods 

{U{Y,r)\Y €G{E), r > 0} , U{Y,r) ^ {Z \ pi{Y, Z) < r} 

is equivalent to the one induced by the Hausdorff metric of the discs. More precisely for every 
Y,Z 

1/2- S{Y,Z) < 6i{Y,Z) <SiY,Z). 

Proof. Given y € D{Y), dist(y,Z) < dist{y, D{Z)), then Si{Y,Z) < 5{Y,Z). In order to 
prove the lower estimate suppose both Y, Z are different from the null space. Let y £ S{Y); for 
every z G S{Z) and r > we have 

dist(j/, S{Z)) <\y-z\^\y- Fz\ < 2\y - rz\; 

taking the infimum over x S{Z) we obtain 

dist(y,5(Z))<2dist(y,Z\{0}). 

Since dist(y, S{Z)) < 2 we can write 

dist{y, S{Z)) < 2min{l,dist(y,Z\ {0})} = 2 min{|2/|, dist(y, Z \ {0})} 

= 2dist(y,Z). 



The inequality allows to consider di(X, Y) = log(l + (5i(Jf, Y)) which is a metric and induces the same topology 
as the neighbourhood topology generated by Si. 
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Then Ss{Y, Z) < 2Si{Y, Z). Since 5(F, Z) < Ss{Y, Z) the proof is complete. □ 

We remark that the quantities introduced in this section such as 5, 5i and 5s induce the 
same topology on G{E). Since (5, 5s and 5i induce the same topology we will choose time after 
time the one that most fits our settings. 

3. Properties of the Hausdorff topology 

Given Banach spaces E and F we denote by £{E,F) the space of linear and bounded 
applications and use the abbreviate notation £{E) to denote £.{E,E). We call general linear 
group the set of invertible bounded operators of E endowed with the topology of the norm 
and denote it by GL{E). In this section we show that the choice of the Hausdorff metric 
makes continuous some natural operations on G{E), such as the multiplication by an invertible 
operator and the annihilator subspace Y-^. 

Proposition 3.1. Consider the set GL{E) x G{E) with the topology induced by the product 
metric || ■ || x 5. The action of GL{E) on G{E) given by 

GL{E)xG{E) ^G{E), {T,Y)^T-Y 

is continuous. 

Proof. We will prove that this map is locally Lipschitz. Fix T G GL{E) and let Y, Z be 
two closed subspaces in G{E). Set Ty = y' e D{TY) and r = ||r-i||. Hence \y\ < r. Thus, by 
Proposition 2.4, we have 

dist{y', D{TZ)) < 2dist(y',rZ) = 2rdist(y7r, TZ) < 2r||r||dist(y/r, Z) 

< 2||T-^||||r||pi(y,Z) < 2\\T-^\\\\T\\p(Y, Z) 

hence 

(4) piTY,TZ)<2\\T-^\\T\\p{Y,Z). 

Now fix y e G{E), T and S invertible operators and y' G D{TY). As above \y\ < r and we 
have 

dist{y\ D{SY)) < 2dist{y', SY) < 2||r- < 2||T - 5||||r-i||; 

taking the supremum over D{TY) and switching T and S we find 

(5) 5{TY,SY) <2\\T - S\\m&^{\\T-W\S-'\\}. 

Now choose a point (ro,yb) G GL{E) x G{E) and set ro = ||To~^||; given a < 1 we claim that 
in the neighbourhood 

C/ = B(ro,aro-i) x G{E) 

the map is Lipschitz. It is not hard to prove that for such radius the norm of the inverse of 
every operator is bounded by a constant that depends only on a and tq. More precisely, using 
Von Neumann series, it is simple to find ro/(l — a) as bound. Let {T,Y) and {S^Z) be two 
points in U . Hence 

5{TY, SZ) < 5{TY, SY) + 5{SY, SZ) 

< 2 max{||r"i, \\S~^}\\T S\\ + 2\\S\\\\S\\-'5iY, Z) 

^ 2max{a,ro} / y 
1 — a V / 

□ 

Proposition 3.2. If pi{Y, Z) <l and Z <ZY then Z ^Y. 
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13. Properties of the Hausdorff topology 



Proof. If Y is the null space the proof is trivial. Otherwise let = 1 — £o and 

suppose SiY) \ Z is not empty and contains an clement, say y. Let z £ Z he such that 

dist(j/,Z) > |j/-z|-eo/2; 

define yo = z — y. Since Z <ZY, yo Thus dist(yo, Z) > I — £o/2, thus 

1 - eo = p{Y, Z) > dist(yo, Z) > 1 - eo/2 

which is impossible, then Y C Z and Y = Z. □ 

Definition 3.3. We denote by E* the space C{E, R). It is called topological dual of E and its 
elements are called functionals. For any subset S C E we define 

^{^eE* : =OVs e 5}, 

and call it annihilator of S. 

The annihilator is a linear, closed subspace of E* , and it is well-behaved with respect to 
the topology of G{E). 

Proposition 3.4. Given two closed suhspaces Y , Z and Y-^ , Z^ its annihilators, we have 
Pi{Y,Z)=pi{Z^,Y^). 

Proof. Wc prove that, for any closed subspace Y, a functional ^ £ E* and x G E, the 
equalities 

(6) dist(C,r^)= sup |(e,2/)| = |^|y|, 

D(Y) 

(7) dist(x,y) = sup |(?7,a;)| 

hold. The proof of both uses Hahn-Banach theorems of extension of functionals, see [11] details. 
Given e there exists y £ D{Y) such that, for every 77 e Y-^, we can write 

\^\Y\<s+{ty) ^s+{^-Tj,y) <e+\^- ?7|; 

taking the infimum over DiY-^) we get < dist(C,y-^). Conversely, given a functional £, 
by Hahn-Banach, there exists an extension ^1 of such that = \£,\y\- Thus 77 = — Ci 
annihilates Y and we can write 

dist(e,r^)<|C-7?HI6l = l?|y|. 
We prove the second equality. Let e > 0. There exists rji G D{Y-^) such that, for every y G Y 
sup < e + |(?7i,a;)| = e + |(7?i,a; - y)| < £ + |a; - y|; 

taking the infimum over Y we find 

sup 1(77, a;)! < £ 4- dist(a:;, F). 

To prove the opposite inequality we distinguish two cases, li x £Y the proof is trivial, because 
both terms of (7) are zero. Suppose x ^ Y. Let < a < 1. There exists ya & Y such that 

a\x -ya\ < dist(a;, F) < \x - ya\; 

since x ^ ya ^ Y we can define a functional rja such that its restriction to Y is zero and 
(77Q, X — ya) ~ a\x ~ ya\. By Hahn-Banach for every a there exists an extension f}a of rja such 
that |77q| = \ria\- It is clear by its definition that fja G Y^. Consider z ~ X{x — ya) + y- We 
have 

1^:1 = |A| x-ya + j > |A|dist(a;,y) >a|A||a;-7/„| 

> |A||(7;„,X - ya)\ = \{Va,z)\ 
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then lijal < 1 and fja S D{Y^). Therefore 

adist{x, Y) < a\x - Hal = \{fia,x ~ ya)\ = \{Va,x)\ < sup 1(77.3^)1- 

The equahty is proved as a — > 1. Now we can prove the equahty claimed in the statement. We 
have 

(Oi(r, Z) = sup dist(2/, Z) = sup sup \{£,,y)\ 

D{Y) D(Y)D(Z^) 

by (7). Here we switch the order of the supremums. By (6) the last term of the equality is 
sup sup|(^,y)|= sup dist(e,r^) = p(Z^,F^). 

D{Z^)D(Y) D(Z^) 

□ 

Corollary 3.5. The map G{E) -> G{E*) that associates a subspace with its annihilator is 
continuous. 



4. The complemented Grassmannian 

We define the complemented Grassmannian, Gs{E) as the subset of G{E) of complemented 
subspaces, and the space of projectors. We prove that the former is an open subset and the latter 
is homeomorphic to the splitting space Splt(i?), defined as the family of pairs {X,Y) which 
are the complement of each other. We prove that C{X, Y) is homeomorphic to Gs{X x Y) for 
every X, Y Banach spaces. 

Definition 4.1. A closed subspace Y S G{E) is said complemented or that splits if there 
exists Z € G{E) such that Y (B Z = E, called complement of Y. We call projector a bounded 
operator P e f-{E) such that ~ P. We introduce the sets 

Gs{E) = {Y e G{E) I Y is complemented } ; 

V{E) = {Pe C{E) I p2 = P} 

and call them complemented Grassmannian and space of projectors, respectively. We will also 
refer to these spaces as topological subspaces of G{E) and C{E), respectively. 

By the open mapping theorem. Y £ E is complemented if and only if there exists P G 'P{E) 
such that RangcP = Y . Moreover, to each complement Z, corresponds a unique bounded 
P eV{E) such that 

RangeP = y, kerP = Z. 
Definition 4.2. Let Y, Z, P as above. We call P the projector onto Y along Z and denote it 

by p(y,z). 

Unless E is an Hilbert space Gs{E) C G{E), refer [34]. Our aim is to prove that Gs{E) 
is an open subset of G{E). For this purpose we need to introduce the notion of minimum gap 
between closed spaces (see also [30], Ch. IV, §4). We recall that, for any closed subspace 
Y G G{E), the quotient space E/Y is endowed with the norm |x + y| = dist(x, Y) that makes 
it a Banach space called quotient space. Moreover the projection to the quotient is a bounded 
operator between two Banach spaces. 

Definition 4.3 (The minimum gap). Let Y and Z be two closed subspaces. Set 

7(y,Z)=inf ^^;^(^'^) ^ 
' ' Y\z dist{y,Yr\Z) 

if y 7^ 0, j{Y, Z) = 1 otherwise. We define the gap by 

7(y,Z)=min{7(y,Z),7(Z,r)}. 
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Lemma 4.4. (cf. [30], Theorem 4.2, Ch. IV) Let Y and Z he closed suhspaces of E. Then 
Y + Z is closed in E if and only if ^{Y, Z) > 0. 

Proof. Suppose both spaces arc difTcrent from {0}. We prove the statement when YOZ = 
{0}. Suppose X = Y (B Z is closed and call P the projector onto Y along Z. Since Y ^ {0} 
the projector is not zero. Let x = y + z. Then 

(8) 11^11= sup r^ = sup jf ; 

y+z^o\y + z\ y^oaist(y,Z} 

taking the inverses in the equation we find then = 'y{Y,Z). Suppose, conversely, that 

7(F, Z) > 0. Let {yn} C Y and {z„} C Z he sequences such that a;„ = y„ + z„ — >• x G i?. 
If the sequence {xn} has a constant subsequence, then x Cz Z , since both {yn} and {zn} are 
constants. Otherwise, up to extracting a subsequence we can suppose that Xn ^ Xm whenever 
n ^ m. Then we can write 

I I IVn Uml I I ^ lUn J/m | |^ „ I 



Xn-Xm\ dist(j/„ - Z) 



since the last term of the inequality is a Cauchy sequence, {yn} (and thus {z„}) converges 
and X = limj/n + limz„ £ X. Since both Y and Z are closed x E Y + Z. For the general 
case consider the quotient space E/{Y n Z) and call tt the projection onto the quotient. Let 
Y = tt{Y) and Z = 7r(Z); these are closed subspaces of F because tt maps closed subspaces of 
E containing kerTr onto closed subspaces. Moreover ^{Y, Z) = 7(F, Z), in fact 

dist(y, Z) = inf dist(y - z,YnZ) = dist(y, Z). 

The proof carries on as follows: suppose Y + Z is a, closed subspace. Then Tr{Y + Z) =Y + Zis 
closed in the quotient space. The space Tr(Y) and 7r(Z) have null intersection thus, by the first 
part of the proof, 7(7r(y), 7r(Z)) > hence 'y{Y, Z) > 0. The converse is completely similar. □ 

In the next proposition we prove that Gs{E) is an open subset of G{E). A proof of this 
is due to E. Berkson, [8] Theorem 5.2, when G{E) has the topology induced by the Schaffer 
metric. However the same proof works for the metric of geometric opening. 

Proposition 4.5. Let X g Gs{E) he a proper suhspace of E. Let Y E Gs{E) he a complement 
of X . Denote hy P the projector onto X along Y . If Z E G{E) and 

(9) ps{X,Z)<^{X,Y), 

(10) ps{Z,X)<^{Y,X) 

then Z (S)Y = E . If Q is the projector onto Z along Y the operator I + Q — P is invertihle and 
maps X onto Z . Moreover 

(11) ||P-Q||<||/-P|| 



1- ||P||p5(^,^) 



Proof. First we prove that Z CiY ~ {0} and Z + Y is closed. In fact, given y E Z DY, 
\y\ — 1, from (10) we can write 

dist(j/,X) < dist(y,5(X)) < ps{Z,X) < 7(r,X) < dist(y,X) 

which is absurd. To prove that Y + Z is closed it will suffice to show that ^{Z,Y) > 0, by 
Proposition 4.4. Let z E S{Z) and 1 < a; there exists Xa E S{X) such that 

adist(a;Q, Z) > \xa ~ z\; 



I. Topology of the Grassmannian 



13 



for any y € Y wc can write 

l-z ~ y| ^ \xa — y\ — \xa — z\> dist(a;c(, Y) — adist(xQ, Z) 
>j{X,Y)^aps{X,Zy, 

if a — 1 is small the last term is positive. Taking the infimum over Y and S{Z) we get 
7(Z, Y) > 0, hence Y + Z is closed. We prove now that Z + Y = E hy showing that X C Z + Y. 
Let X € X and A > 1; by induction we can build two sequences {a;„} C X, {zn} C S{Z), such 
that 

(12) Xo = X, \Xn - Zn\ < Xps {X , Z)\Xn\, Xn+1 = P{Xn - Z^) 

n 

(13) X = ^(zfc + 2/fc+i) + a;„+i 

fc=0 

where yk+i ~ {I ^ P){xk — Zk)- For every fc € N we also have, by induction 

(14) \xk\ < (A||P||p5(^,^))'>o|; 

by (8) ||P|| = 7(X, y)^^ and (9) allows us to choose a positive A such that 

Xps{X,ZhiX,Yr' < 1. 



Then Xk 0. Taking the limit in (13) we find x e Z + Y = Z + Y. The operator I + Q- P 
maps X into Z and fixes Y. Since Q and P project along the same space a direct computation 
shows that its inverse is / — Q + P, thus (I + Q — P)X = Z. Choose A > 1 and v & E. We 
apply the construction made above to a; = Pv. By (12) we have 

\yk+i\ < \\I-P\\\xk-yk\ < A||/-P||ps(^,^)|a;fc| 
<^^^(A||P||P5(^,^))'+^N 
by (13). If A||P||ps(^,^) < 1 we have 

i(p-o)p.i<gto.,i<ii/-pii ,J;g;f]_,) iP4 

Letting A ^ 1, since (P - Q)v = (P - Q)Pv, we obtain (11). □ 

Corollary 4.6. The subset Gs{E) is open in G{E) with the topology induced by the geometric 
opening. 

Another consequence of Proposition 4.5 is the following 

Proposition 4.7. Let X and Y he Banach spaces. The map C{X,Y) -> Gs{X x Y) that 
associates an operator with its graph is a homeomorphism with the open subset 

{Z e Gs{X xY)\Z®{0}xY = X xY}. 

Proof. Since 5* is bounded graph (S') is closed and it is a topological complement of 
{0} X Y, then it is an element of Gs{X x Y). Hence the map is well defined. For any S G C{X, Y) 
define S{x,y) = {x,y + Sx); it is an invertible operator. Since graph(S') = S{X x {0}), by 
Proposition 3.1 the map is continuous and injective. To prove that it is also open let graph (5) be 
a point in the image. We show that there exists r > such that P( graph (S*), r) C Im(graph), 
with the metric induced by 6s- We choose 

r<7(graph(5),{0}xy); 

given Z e P(graph(5), r), by Proposition 4.5 Z is a topological complement of {0} x Y. 
Thus, for every x X x {0} there exists a unique z £ Z such that Pz = x. Then P maps 
isomorphically Z onto X and 

graph((/-P)P|^i) = Z 
which concludes the proof. □ 
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Given X G Gs{E) and Y such that X© y we can identify X with X x {0}, the graph of the 
null operator. The subset of topological complements of X x {0} is open and homcomorphic 
to the Banach space C{X^Y) by Proposition 4.7. Thus we have proved that 

Corollary 4.8. Gs{E) is a topological Banach manifold. 

Definition 4.9. Define the space of splittings the subset 

{{X,Y) e G,iE) xGsiE)\X(BY = E} 

endowed with the product metric Ss x Ss and denote it by Splt(i?). 

Wc can associate to a pair {X, Y) G Splt(i?) the projector P(X, Y). 

Proposition 4.10. The map P: Splt(£') PiE), iX,Y) t-^ P{X,Y) is a homeomorphism 
with its image. 

Proof. First observe that P is a bijection. Its inverse maps P to (Range P, kerP). Sup- 
pose {XqjYq) = ( Range Pq, kerPo) and £ > 0. We prove that there exists S > such that 
P{B{{Xo,Yo),d)) C B{PQ,e). More precisely, in a suitable neighbourhood of {Xo,Yq), for ev- 
ery (X, Y) wc can choose continuously an invcrtiblc operator U that maps Xq and Yq onto X 
and Y respectively and 

(15) \\UPoU-' -Po\\<s. 

This completes the proof because UPqU^^ is a projector with range X and kernel Y. Thus 
UPqU^^ is the projector onto X along Y. We construct U and 6 as follows: as first step 
we choose Sq < j{Xo,Yo). If SsiXo,X) < j{Xo,Yo) the Proposition 4.5 provides us with an 
operator T = I + P(X, Yq) — Pq and a positive constant c such that 

(16) TXo = X, TYo = Yo, \\T - I\\ < cSsiXo, X). 

As second step we build another invertible operator S that maps Yq onto T^^Y and fixes Xq, 
applying the same Proposition. Hence U = TS fits our request. This can be done if, for 
instance, 5s{T~^Y,Yo) < ^{Xq^Yq). Using the estimate (4) we write 

(17) 6s{T-XYo) = SsiT-'Y,T-'Yo) < 2\\T\\\\T-'\\SsiYo,Y); 

if cSs{X, Xq) < 1, using Von Neumann series, we can estimate ||T~-'^|| with 1/(1 — ||/ — T||). 
Then the (17) becomes 

(18) SsiT-^Y,Yo) < 2 l + ^7(Xo,yoK ^ 

1 - c"f[Xo,Yo) 

Then, if we choose 

(19) SsiYo^YX 



2(l + c7(Xo,yo)) 

we have Ss{T^^Y,Yq) < ^{Xo,Yo) and it is possible to apply 4.5 and such operator S exists. 
By (11) and (18) we can write the (19) as 

(20) \\I-S\\<k6s{Yo,Y). 

If we choose Si = min{(5o, 1, l/8fc, l/4c}, using (16) and (20) we can estimate the norm of the 
operator U — I from above by 

\\TiS -I) + T-I\\< k{l + cSsiXo, X))6s{Yo.Y) + cSsiXo, X) 

<2kSs{Yo,Y)+cSsiXo,X) <l/2. 

We can write UPqU'^ - Pq as ([/ - I)PaU-^ + Po(C/-i - /). By (21) the norm of / - ?7 is 
strictly smaller than 1. Hence ||C/^^|| can be estimated by 1/(1 — ||/— U\\) which is smaller than 
2, still by (21). Then 

\\UPoU-' - Poll < 4||Po||||/ - U\\ < qPo\\i2k6siYo,Y) + cSsiXo,X)). 
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Finally wc set 

S = mill < Si, -—- . II „ ,1 > . 

\ ''4(2fc + c)||Po|| J 

The continuity of the inverse follows at once: given P,Q& 'P{E) 

Ss X (5s((Raiige(5,ker(5), (RangePjkerP)) =(55 (Range Q, Range P) + (55(ker(5,kerP) 

<4||P-g||; 

in fact is Lipschitz. □ 

5. Compact perturbation of subspaces 

We define a relation of compact perturbation for pairs of closed subspaces and an integer 
that we call relative dimension. We prove that it is well-behaved with respect to the Fredholm 
index of a pair of subspaces and that kernels and images of two operators with compact difference 
are compact perturbation of each other. When both spaces are complemented, the relation of 
compact perturbation is equivalent to require that for every pair of projectors {P,Q), the 
operators (/ — P)Q and (/ — Q)P are compact. That generalizes an existing definition in [54] 
when P — Q is compact. 

Wc need some preliminary concepts about Fredholm operators and compact operators. 
We recall some basic definitions and state some useful results about Fredholm operators and 
Fredholm pairs. For more details we refer to Appendix B. 

Given a linear operator T : _B — > P we can always consider the vector spaces ker T and 
P/RangeT. We denote the second by cokcrT. 

Definition 5.1. A bounded operator T e C{E,F) is called semi- Fredholm if and only if 
Range P is closed and either kerP or cokerP has finite dimension. We define its index as 

ind (P) = dim ker P — dim cokerP. 

When only one between kerP and cokcrP has finite dimension we will write, for short, ind (P) = 
oo or ind (P) ~ — cxj, respectively. If both spaces have finite dimension we say that P is Fredholm 
and the index is a integer. 

Definition 5.2. A pair {X, Y) of closed and linear subspaces is said semi-Fredholm if and only 
a X + Y is closed and either X DY or E/{X + Y) has finite dimension. We define its index as 

ind {X, Y) = dim X n y - codim a: + Y. 

When only one between X HY and X + Y has finite dimension we will write ind (A, Y) — oo 
or ind(A', Y) — — oo, respectively. If both X DY and X + Y have finite dimension the pair is 
said Fredholm. 

There is a strict relation between (semi)Fredholm pairs and (semi)Fredholm operators. 
Precisely, given closed subspaces (A, Y) the operator 

(22) Fx.Y- X xY ^ E, {x,y)^x-y 

is (semi) Fredholm if and only if {X,Y) is (scmi)Fredholm and ind(A, F) — ind(Px,Y). Given 
Banach spaces E, F we denote by Cc(E, F) the set of compact operators. 

Definition 5.3. An operator P: P — > P is said essentially invertible if and only if there exists 
S G £(P, E) and compact operators K e Cc{E), H e Cc{F) such that 

SoT ^Ie+K 
To S = If + H. 

It is not hard to prove that an operator is Fredholm if and only if is essentially invertible. 
see Proposition B.3. We end this section with a strong result of perturbation theory. 
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Theorem 5.4. (cf. [30], Ch. IV, §5). Let {X,Y) be a semi-Fredholm pair. Then there exists 
i5 > such that, 5s{X',X) < 6, Ss(Y',Y) < S implies that {X',Y') is semi-Fredholm and 
md(X',y') = ind(X,r). 

Definition 5.5. (cf. Definition 1.1 of [2]). Two closed subspaces X and F of a Hilbert 
spaces are compact perturbation one of each other if the orthogonal projections Fx and Py 
have compact difference. This implies that XDY^ and X^DY are finite dimensional subspaces 
and the relative dimension is defined as 

dini(X, Y) = dini(X HY^) - dim{X^ n Y). 

Our first aim is to define the relative dimension for pairs of closed subspaces that do not 
necessarily split. 

Definition 5.6 (commensurability) . Let X,Y G G{E). The pair {X^Y) is said commensurable 
if there are F,G & C{E) such that 

(23) GX cY, G\x = {I + H)\x, 

(24) FY C X, F\Y = {! + K)\y 
where H and K are compact operators. 

Being commensurable is an equivalence relation. Symmetry and reflectivity are obvious. 
The proof of transitivity reduces to check that products of compact perturbations of the identity 
is a compact perturbation of the identity. From now on when X is commensurable to Y we will 
call the pair (X, Y) commensurable. 

Proposition 5.7. Let {X^Y) be a commensurable pair and {F,G) as above. The restrictions 
of F and G to Y and X, denoted by f and g respectively, are the essential inverse, one of each 
other, hence, by Proposition B.3, are Fredholm operators. Moreover, if(F',G') is another pair 

(25) ind/ = ind/', indg = ind.g'. 

Proof. For every t € [0, 1] consider the convex combinations Ft = {1 — t)F + tF' , Gt ~ 
(1 — t)G + tG' . It is easy to check that 

ft9t = FtGt\x=Ix + m, 
gtft = GtFt\Y = lY + h{t) 

where h and k are continuous paths of compact operators on Y and X respectively. Thus, for 
every t the operators ft and gt are the essential inverse one of each other. Taking i = 0, we 
obtain the first part of the statement. By ii) of Proposition B.S, continuous paths of Fredholm 
operators have constant index. Hence 

ind / = ind/o = ind/i = ind/', 
indg — ind go — indgi = indg'. 

□ 

Definition 5.8 (relative dimension). Let {X,Y) and {F,G) be as in the preceding definition. 
We define the relative dimension of the pair indg and denote it by Aiui{X,Y). 

The proposition proved above says that this definition does not depend on the choice of 
the pair of operators (F, G). Given X, Y, Z such that {X, Y) and (Y, Z) are commensurable the 
properties 

dim{X,X) = 0, 

dim(X,r) = -dim(y,X), 

dim{X, Z) = dim(X, Y) + dim(y, Z) 



I. Topology of the Grassmannian 



17 



follow from the properties of composition of Fredholm operators stated in Proposition B.4. We 
give now a definition of compact perturbation for pair of splitting subspaces, useful for building 
examples. 

Definition 5.9 (compact perturbation). Let X, F G Gs{E). Wc say that they arc compact 
perturbation (one of the each other) if, given two projectors P and Q with ranges X and Y 
respectively, the operators 

(26) il-P)Q, {l-Q)P 

are compact. 

When (X, Y) is a pair of elements of the Grassmannian of splitting spaces commensurability 
and compact perturbation are equivalent. 

Proposition 5.10. Let X and Y closed and complemented subspaces of E. Then (X,Y) is a 
commensurable pair if and only if X is compact perturbation of Y . 

Proof. Suppose X is compact perturbation of Y and let P and Q be two projectors with 
ranges X and Y . Clearly QX C Y and PY C X . Moreover, 

Qx = Qx — X + X = —(I — Q)Px + X 

Py = Py-y + y = -{I - P)Qy + y; 

we obtain two restrictions of compact perturbation of the identity, as the definition of com- 
mensurability requires. Conversely let F and G be as in Definition 5.6 and (P, Q) a pair of 
projectors with ranges X and Y . We check, for instance, that (J — P)Q is compact. 

(/ - P)Q = {I- P){Q - FQ) + P)FQ = (/ - P)KQ + 0. 

Similarly (/ — Q)P is compact. □ 

For sake of simplicity we will sometimes use the notation dim(P, Q) or [P — Q] instead of 
dim ( Range P, Range (5). Let iJ be a Hilbert space and {X,Y) a pair of two closed subspaces 
that are compact perturbation one of each other. Call Px and Py the orthogonal projections. 
By (26) Py±Px and Px±Py are compact operators. Therefore 

Px - Py = (Py + Py^)Px - Py{Px + Px^) = 

= Py±Px - PyPx^ = Py^Px - [Px^PyT e Cc{E). 

Hence Px and Py have compact difference and the Definition 5.9 coincides with the one known 
for Hilbert spaces. The relative dimension can be computed as 

dim(X,y) = dimkerPy|x - cokcrPy|x = dim(X n Y^) ~ dim{X^ n Y) 

which coincides with the definition of relative dimension in Hilbert spaces. In the following 
example we compute the relative dimension in some special case. 

Example 5.11. Let Vb and Wq be finite dimensional subspaces and Vi and Wi topological 
complements of Vb and Wq respectively. We prove, using the result of Proposition 5.10, that 
(Vb,Wo) and (Vi,Wi) are commensurable pairs and compute their relative dimension. Let P 
and Q be two projectors onto Vq and Wq. Denote by q the restriction of Q to Vq. It is a linear 
map between finite dimensional subspaces, hence 

dim Vq ~ dim ker q + dim Range g = dim kcr q + dim Wo — coker q 

and the Fredholm index of q is the difference of the dimensions of Vb and Wq. Now consider 
the pairs (V^i, E) and {E, Wi) and the pairs of projectors (/ — P,I), (/, I — Q) Thus 

dim(Vi,£') = ind/|yj = — codimVi 

dim(i?, Wi) — indQ — codimWi 

hence dim(Vi, Wi) = codimWi — codimVi- 
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Example 5.12. In general it is not true that topological complements of two commensurable 
subspaces are commensurable. Given two splittings of the space 

X®X' = E = Y ®Y', P = P{X,X'), Q^P{Y,Y') 

with X and X' compact perturbations of Y and Y' respectively, from the relations (5.9) it 
follows that 

P ~ Q ^ {I - Q)P + P{I - Q) 

is a compact operator. This is unlikely to happen even when X and Y are the same space. 
For instance let X C be a splitting subspace with a topological complement X' such that 
Cc{X', X) C C{X', X). For any L € C{X', X) \ Cc{X', X) define 

PiL){x,y) = ix + Ly,0); 

it is easy to check that P{L) is a projector with range X and P{L) — P is not compact. 
However for a given pair of two commensurable splitting subspaces a pair of projectors with 
compact difference always exists and we prove it in the next theorem. This is equivalent to find 
topological commensurable complements. 

In the next proposition we describe the relation between the relative dimension and the 
Fredholm index of Fredholm pairs. 

Proposition 5.13. If X is compact perturbation of Y and {Y, Z) is a Fredholm pair, then 
iX,Z) is Fredholm and ind{X,Z) = dim(X,y) + ind(Y,Z). 

Proof. Let P and Q be projectors with ranges X and Y respectively. The restrictions p 
and q to Y and X are Fredholm operators; we have 

Fx,z{x, z)=x — z = x — Qx + Qx — z 
(27) = (/ - Q)Px + Qx-z = {I- Q)Px + Fy,z{Qx, z) 

= ((/ - Q)P, Qz) ■ [x, z) + Fy^z o (q, /) • (x, z). 

Since Fy^z and {q,I) are Fredholm their composition is Fredholm; the first summand of the 
last equation is compact. Hence Fx,z is a compact perturbation of a Fredholm operator and 
therefore Fredholm by Proposition B.2 and 

indFx^z = indFy^z o {q, I) = indi^y,z + ind((?, /) = ind(r, Z) + dim{X, Y) 
by Proposition B.4. □ 

Example 5.14. We use Proposition 5.13 with in example that shows that for commensurable 
pairs there is not a result like the Theorem 5.4, that is, they are not stable by small perturbation: 
consider a pair {X, Y) such that 

(i) X is isomorphic to Y, 

(ii) X (SY ^ E has infinite dimension; 

let /: y — > X be an isomorphism and graph (/) its graph. For every integer n consider the 
sequence of subspaces 

y„ = graph (n/); 

since Yn is graph of a bounded operator X (BYn = E. It is easy to check that Yn converges to 
X. Thus there can be no open neighbourhood of X in Gs{E) made of compact perturbations 
of X. In fact for n large Yn would be contained in such neighbourhood and {X, Yn) would be a 
commensurable pair; since {X, Yn ) is a Fredholm pair also, by Proposition 5.13 we would have 
proved that (X, X) is a Fredholm pair which happens only if X (B Y has finite dimension, in 
contradiction with hypothesis ii) . 
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The preceding Proposition suggests a definition of the relative dimension that involves the 
Fredholm index. Precisely, suppose X is compact perturbation of Y . Let Z he a topological 
complement of Y. Then (Y, Z) is a Fredholm pair. By Proposition 5.13 {X, Z) is a Fredholm 
pair and 

(28) md{X,Z) = ind(y,Z) +dim(X,y) =dim(X,y). 

This definition, together with the Theorem 5.4 will allows us to state in the next chapter a 
stability result of the relative dimension for closed and splitting subspaces. 

Theorem 5.15. Let X be a splitting subspace, compact perturbation of Y . Then there are 
topological complements X' and Y' that are compact perturbation one of each other and 

dim{X, Y) = - dim{X', Y') 

Proof. Let P and Q be projectors with ranges X and Y respectively. As consequence of 
the Proposition 5.13 the pair (X, kerQ) is a Fredholm. Let Z be a topological complement of 
X n kcr Q in ker Q and R <Z E a, finite dimensional complement oi X + kcr Q iw E. Then 

X®Z®R^E, Px+Pz + Pb = Ie; 
we claim that Px and Q have compact difference. We write 

Px-Q = {i- Q)Px + {Px - Q)Pz + {Px - Q)Pb; 

the first term of the right member is compact by definition of compact perturbation, the second 
is 0, the third has finite rank. Hence 

Q{I-Px), Px{I-Q) 

are compact operators. It is not hard to prove that for all the pairs of projectors {P',Q') onto 
X' and Y' respectively, compactness of (26) holds, thus ker Px and kerQ are commensurable 
spaces. To compute the relative dimension we use restrictions of the operators Q and I — Q. 
We can write 

dim(X,y) +dim(X',y') = mdQ\x + ind(/- Q),^, = ind/^ = 0. 

□ 

The next Proposition follows the one known for Hilbert spaces, due to A. Abbondandolo 
and P. Majer (refer Proposition 2.2 of [2]). 

Proposition 5.16. Let T, S € C{E, F) be operators with compact difference and closed images. 
If the kernels and the images split kerT and RangeT are compact perturbation of ker S and 
RangeT respectively and the relation 

dim(ker T, ker S") = — dim(RangeT, Ranges'). 

holds. 

Proof. Since kernels and images split we can write 

keTT®Y{T) = E = ker S(BY{S) 

Z{T) © RangeT = F = Z{S) ® RangcS" 

Since T and S arc isomorphism of Y{T) with RangeT and Y{S) with Rangc5 respectively, we 
can define operators T' and S' on F with values in E such that 

T'T = P(y(T),kerT), S' S = P{Y{S),keiS) 

TT' = P(RangcT, Z(T)), SS' ^ P(RangeS', Z{S))\ 

set P(T) = P(kcrT,r(T)), P{S) = P{kcT: S,Y {S)) and K = T - S. Then 

(/ - P{S))P{T) = S'SP{T) = S'{S - T)P{T) + S'TP{T) = S'KP{T) + 
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is a compact operator. Set Q(T) = P(Ranger, Z(r)), Q{S) = P {Ra.ngc S, Z{S)). Then 
(/ - Q{S))Q{T) = {I- Q{S))TT' = {I - QiS)){T - S)T' + {I - P{S))ST' 
^0 + {I - P{S))KT' 

is compact. By Theorem 5.15, up to changing the topological complements of kcr T and Range T, 
we can suppose that our projectors have compact difference. Hence 

dim(kerT,kerS') = - dmi{Y{S),Y{T)) 
^ ind(/ - Pmgil = -indr(/ - P(T))f^7|f 

dim(RangeT, Ranged) = indQ(T)|^7So^^^ = ■md{Q{T)S)p^§;^ ; 
observe that the operator 

Ki = T{I - P{T)) - Q{T)S = TT'T - TT'S = TT'{T - S) 
is compact. Therefore 

dim(kerr,ker5') = -ind(Q(T)5 + i^Oj^^l"^ 

= -ind(0(r)S')J^™|'^ = -dim(RangeT, Ranges'). 

When P — Q is compact, we know of an existing definition of relative dimension in [12] for 
Hilbert spaces and in [54], for Banach spaces and projectors P, Q with compact difference. In 
the latter, given two projectors, they denote the relative dimension by [P — Q\. We will also 
use this notation in §5. □ 

The non- complemented case. In the technique used in the proposition above requires that 
the kernels and images split. We think this restriction can be removed. We also guess that 
whenever X is complemented and Y is commensurable to Y , then Y also splits. 
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Homotopy type of Grassmannians 

We define the essentially hyperbolic operators on a Banach space E, that we will denote 
by e'H{E), and prove the existence of a group homomorphisni 

■Ki{eU{E),2P - I) Z 

where P is a projector of E. The construction of such honiomorphism is carried out as follows: 
as first step, in section §2.1, we define the Calkin algebra, C{E), as the quotient of the algebra 
of bounded operators £-{E) with the closed ideal of compact operators Cc{E). Then we prove 
that e'H{E) is homotopically equivalent to 'P{C{E)), the space of idempotent elements of the 
Calkin algebra. In section §2.4 we prove that the map 

p:V{E)^V{C), p{P)^P + C,{E) 

is surjective and induces a locally trivial fiber bundle. Using the Leray-Schauder degree we 
prove in section §2.6 that the typical fiber of such bundle has infinite numerable connected 
components. Hence, for every projector P, we can complete the exact homotopy sequence of 
the fiber bundle as follows 

MV{E), P) Mr{C),p{P)) Z; 

we call (fp index of fiber bundle {V{E),V{C),p) with respect to P or, simply index when no 
ambiguity occurs. Thus, (pp o^^, is well-defined on e'H(E), where ^' is a homotopy equivalence 
with V{C). All these facts are proved without making assumptions on the Banach space E. 
Given a projector P the two conditions 

hi) P is connected to a projector Q such that Q — P E Cc{E) and dim((5, P) = to, 

h2) the connected component of P in V{E) is simply-connected, 
are sufficient to ensure that to € Im((/3p) and ^pp is injcctive. When m = 1, we have an 
isomorphism. These hypotheses are verified by every projection of a Hilbert space with infinite 
dimensional range and kernel. In the most common Banach spaces such as L'p spaces and spaces 
of sequences, we can find such projectors. 

In the last section, we give exhibit examples where the homomorphism ip is an isomorphism. 
This happens, for instance, when E is an infinite-dimensional Hilbert space or for p > 1 or 
L°° and spaces of sequences £p, to, cq. 

1. The space of essentially hyperbolic operators 

Given a Banach algebra B with unit 1, wc denote by G{B) the set of invertible elements. 
\i X € B the spectrum of x is defined as the set {AeCja; — A-1^ G{B) } and denoted it by 
ijb{x) or simply a{x). Consider the following subsets endowed with the topology of the norm 

V{B) = {peB\p'=p], Q{B) = {qeB\q^^\}, 
niB) ^{xeB \ a{x)niR = 0}; 

We call the elements of these spaces projectors (or idempotents) , square roots of the unit 
and hyperbolic respectively. In literature, hyperbolic operators are sometimes defined as those 
whose spectrum docs not intersect the unit circle; in this case inhnitesimally hyperbolic would 
be more appropriate for the elements of HiB). The spaces V{B) and Q{B) are analytic, closed. 
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embedded sub-manifolds of B, see [1], Lemma 1.4 for a proof; ?^(i3) is an open subset of B. An 
analytical diffcomorphism between V{B) and Q{B) exists, given by 

V{B) 3p^2p-le Q{B). 

We prove that these three spaces have the same homotopy type. Since V and Q are difFeo- 
morphic they have the same homotopy type; in the next proposition we define a homotopy 
equivalence between Q and %. In order to do so, we need some preliminary notations and 
facts. Let x be an element of the algebra B and {Ai} a finite open cover of the spectrum of 
pairwise disjoint sets. There are projectors p^, called spectral projectors, such that 

Pi H hp,! = 1, PiPj = %Pj, cFBiiPixpi) = Ai 

where Bi C B is the sub-algebra of the elements pixpi with x £ B. We denote pi also by 
p{x; Ai). These projectors can be obtained as integrals 

p{x;A,) = ^J^{X~x)-'dX 

where 7^ are closed paths such that each 7^ surrounds Ai D cr(x) in C \ Uj^iAj in the sense of 
Definition C.l of Appendix C. 

Proposition 1.1. The space of roots of the unit is a deformation retract of the space of hyper- 
bolic elements. 

Proof. If g is a square root of the unit its spectrum is contained in { — 1, +1}, hence q is 
hyperbolic. Call i the inclusion of the space of idcmpotents in the space of hyperbolic elements. 
We define a retraction map as follows: let x be a hyperbolic element of the algebra; since, 

cr(x) = {a{x) n {Rez > 0}) U {a{x) n {Rez < 0}) 

the spectrum has an open cover of disjoint subsets. Denote by p^{x) and p~{x) the spectral 
projectors p{x; (cr(x) n {Rez > 0})) and p{x; (cr(x) n {Rez < 0})) respectively. We define the 
map 

r:T-L^B, r{x) =p'^{x) —p~{x); 

r is continuous by Theorem C.3 and r{x) is a square root of unit. We prove that r is a left 
inverse of the inclusion i. Let g be a square root and z G C \ ^(g), then 

,1 z q 1/1 1 \ 1 / 1 1 \ 

let 7+ and 7_ be paths that surrounds 1 and —1 in C\{1} and C \ { — 1} respectively. By 
integrating both sides of the above equality around 7+ and 7_ and dividing it by 27ri, we obtain 

p+{q) = {l + q)/2, p-{q)^{l-q)/2, r{q) = p+ (q) - p- (q) ^ q; 

this proves that Q is a retraction of H. Now, define the continuous map 

F: [0,l]xH^ B, {t, x)^ {I- t)p+xp+ + tp+ + (1 - t)p- xp^ - tp~ . 

By Property ii) and iii) of Appendix C, F{t,x) is hyperbolic for every {t,x). We also have 
F(0, x) = X, F{x, 1) = i o r{x). Thus i o r is homotopically equivalent to id-^. □ 

Definition 1.2. Given an operator T G C{E) we call essential spectrum, and denote it by 
CTe(T), the set {A e C : T - A/ ; is not Frcdholm}. 

Definition 1.3. A bounded operator T is called essentially hyperbolic if and only if fTe(r)niR = 
0. We denote by e'H{E) the set of essentially hyperbolic operators endowed with the norm 
topology. 
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The set of compact operators on a Banach space E is a closed ideal of the algebra of bounded 
operators. Thus the quotient has a structure of Banach algebra that makes the projection 

p: C{E) ^ C{E)/Cc{E), T ^ T + Cc{E) 

an algebra homomorphism. The quotient space is called Calkin algebra and we denote it by 
C{E) or just C. We characterize the essential spectrum in terms of the Calkin algebra: given 
T e C{E) there holds 

(29) a,{T) = a{p{T)). 

To prove the equality suppose A ^ cre{T), hence T — A is Fredholm. By Proposition B.3 there 
exists an essential inverse S such that 

{T-X)S-I, S{T-X)-I 

are compact operators. Hence p(T — A) is invertiblc in the Calkin algebra, p{S) being is its 
inverse, thus A ^ a{p{T)). The prove of the other inclusion also follows from Proposition B.3. 

Theorem 1.4. The space e'H{E) has the homotopy type ofV{C). 

Proof. First we prove that e7i{E) is homotopically equivalent to 7i{C). By classical 
results of continuous selections there exists a continuous right inverse of p, call it s. It is 
a consequence of Theorem D.l when the topological space T consists of a point. Using the 
characterization (29) it is easy to check that eH{E) = p^^{H{C)). Moreover, the two continuous 
maps 

n{C) xkerp^ en{E), {x,K)^s{x)+K 
eH{E) H{C) X kcrp, A <^ {p{A), A - s{p{A))) 

are the inverses of each other, hence H{C) x keip is homemorphic to eH{E). Since kerp = Cc{E) 
is a linear subspace of C(E), is contractible, thus the two maps are homotopically equivalent 
to the maps 

s: H{C) eH{E) 
p: eH{E)^H{C). 

Now, by Proposition 1.1, 7i{C) has the same homotopy type of Q{C) which is homeomorphic 
to V(C). Taking the composition of all the functions we referred to, we can write explicitly an 
homotopy equivalence between e'H{E) and ViC) and its homotopic inverse: 

^■.e'H{E)^r{C), A^p+{p(A)) 
^■.ViC) ^ eUiE), py-^s{2p-l). 

□ 

2. The fiber bundle {G{B),V{B)) 

In this section we define the fiber bundle with total space G{B) and base space V{B). The 
exact homotopy sequence associated to the fiber space provides us with some relations between 
the homotopy groups of the base space and the total space. 

Definition 2.1. We say that two projectors p,q are conjugated if there exists an invertible 
element g e G{B) such that gp = qg. 

The projector p = 1 — p is naturally associated to p. 

Proposition 2.2. (cf. [43], Proposition 4.2). In the space of idempotents the following facts 
hold: 

(i) if \\p — q\\ < 1, there exists an invertible element g e Go{B) such that gp = qg; thus, 
the space of idempotents is locally arcwise connected; 
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(ii) two idempotents are connected by a continuous path, if and only if there exists g G 
Go{B) such that gp ~ qg. 

Proof, i). Given p,q we define L{p,q) = pq+ (1 — p){l — q). As i varies in [0, 1], we have 

(1 - i + tL{p, g))(l - t + tL{q,p)) ^ 1 - t{2 - t){p - qf 
^ ' L{p,q)L{q,p) = l-{p-q)\ 

The right term is an invertible operator because \\p — q\\ < I and t{2 — t)<l. From the second 
equahty it follows that L{p,q) and L{q,p) commute, hence they arc invertible too. Moreover, 
each of them is joint to the unit by the path. From Example C.5 there exists R such that 

R{p,q) e Go(S), R{p,q)' = (1 - b 

Thus L{p, q)R and L{q,p)R are the inverse of each other. By multiplying the second of (30) by 
R on both sides, we obtain 

(31) L{q,p)Rp^qL{p,q)R. 

We define g{p, q) = L{p, q)R. 

ii). Let a be a continuous path such that q;(0) = p and a{l) = q. Let {ti : < i < n} he a 
partition of the unit interval such that ||a(ii) — a(ti+i)|| < 1 for every i. Let 

n-l 

5= Jl g(a(t„_,),Q!(i„_j_i)) 

i=0 

since g is a, product of elements of Go{B), it also belongs to Go{B). By applying (31) n times, 
we obtain gp = qg. Conversely, if there exists an element g € Go{B) such that gp ~ qg, then 
the path g{t)pg[t)^^ joins qto p. □ 

Given a projector p, we denote by 'Pp{B) the connected component of p and define the following 
subgroups of G[B): 

Gp{B) = {g e G{B) : gpg~^ is connected to p}, 
F.p = {geG{B)\gp^pg}. 
Clearly Fp C Gp. We define the map 

TTp-. Gp^ Vp, g gpg~'^. 
By ii) of Proposition 2.2, tt^ is surjective. 

Theorem 2.3. (cf. [43], §7). The triple {Gp^-Kp^Vp) induces a principal bundle with group Fp 
acting on itself by multiplication on the left. 

Proof. We prove that there exists an open cover of coordinate neighbourhoods. Fix q £ Vp 
and let g as in ii) of Proposition 2.2. On the ball B{q, 1) we define a section of the projection 
map TTp 

(32) s,: Biq,l)^Gp, r^g{r,q)g. 
Clearly TTp{sq{r)) = r. We define coordinate neighbourhoods 

(f>: B{q,l) X Fp^ TT-\B{q,l)), {x,y) ^ Sq{x) ■ y. 

It is an homeomorphism and 'np{(j){x, y)) = x. If two coordinate neighbourhoods, B{qi, 1) and 
B{q2, 1) intersect, the transition maps are 

<^2"i<^i,2;: Fp Fp, 2/ S2{xY'^ si{x)y; 

where Si are the sections defined on B{qi, 1) and B{q2, 1), respectively. Since S2{x)~'^ si{x) G Fp 
we have defined a principal bundle according to [52], §8. □ 
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For principal bundles wc can write the exact homotopy sequence, see [52], §17. The se- 
quence 

(33) TTkiFp, 1) TTkiGp, 1) TTkiVp^p) TTk-liFp, 1) 

is exact for every fc > 1. 

3. The Grassmannian algebra 

Given p, q idempotcnts of an algebra B we define the following equivalence relation 

(34) q pq ^q, qp = p. 

Symmetry is obvious. If (p, q) and {q, r) are equivalent pairs then pr = p{qr) = {pq)r = qr = r, 
similarly rp = p, then reflectivity follows. 

Definition 3.1. We denote by Gr{B) the set of equivalence classes endowed with the quotient 
topology. 

H. Porta and L. Recht proved in [43] that the Grassmannian algebra is a metric space, 
the quotient projection tt: V{B) — Gr(B) is an open map and there exists a global continuous 
section of tt on Gr{B). In fact any global continuous section is a homotopy inverse of tt (see 
[43], §3). 

When B is the algebra of the bounded operators on a Banach space E two projectors are 
equivalent if and only if they have the same images. In fact the identity PQ = Q means that 
RangeQ C RangeP. Then we have a well defined bijection 

Gr{C{E)) G,{E), Tr{P) ^ RangeP. 

Lemma 3.2 (refer [25]). There exists a continuous section of the map that associates a projector 
with its range. Every section is in fact a homotopy equivalence. 

Proof. Call r the map 'P{E) 3 P ^ RangcP. This is continuous with the opening metric 
defined in §1. In fact, given P,Q G 'P{E), it can be easily checked that 

5s{r{P),r{Q))<2\\P-Q\\. 

We can build now a continuous section of r using the construction of [25] whose idea is the 
following: fix X a splitting subspace and choose Y a topological complement. By Proposition 
4.5, for every X' G B{X, ^{X, Y)), we have X' ®Y ^ E. We define 

s: P(X,7(X,y)) ^ V{E), X' ^ P{X\Y)- 

by Proposition 4.5 this is a continuous local section of the map r. Since Gs{E) is metric, thus 
paracompact, there exists a locally finite refinement of the open covering {B{X, ^{X, Y))}, say 
K = {Ui \ i e I}. Let {(fii} be a partition of unit subordinate to U. Thus for every X in Gs{E) 
define 

six) = ^^,(X)s,(X), ,s e G{G.,iE),CiE)). 

To prove that s{X) is a projector observe that if X e Ui n Uj, then 

RangeP(X, Y,) = RangeP(X, Yj) = X. 

This is equivalent to 

s,iX)s,{X) - s,{X), Sj{X)s,{X) ^ s,iX); 
keeping in mind these relations it is easy to prove that s{X) is a projector with range X. In 
fact 

s(X)2=^^,s,(X) j^v',s,(^)) I 5]¥',(^)s^(^)s,(X) 

= ^^,S(X)=S(X). 



26 



§4. Fibrations of spaces of idempotents 



This also proves that r -'^({X}) is a convex, actually afhne, subspace of V{E). By construction 
r o s = id. For every projector P we have 

r(s o r(P)) r{P), tP + {1 - t)s o r{P) G V{E) 

for every t e [0, 1]. This defines a homotopy between s o r and the identity map. □ 

As application of the preceding Lemma we state a result of stability of the relative dimension 
defined on Chapter I. 

Theorem 3.3. Let X and Y be continuous functions defined on a topological space M such 
that X{t) and Y{t) are closed and splitting subspaces and X{t) is compact perturbation ofY{t) 
for every t in M. Hence dmi{X (t) ,Y [t)) is locally constant. 

Proof. Let s be a continuous section on Gs{E) of the map r defined in the Lemma 3.2. 
Then it is defined a continuous map 

ly: GsiE) ^ Gs{E), X^kcisiX). 

By the identity (28) the relative dimension of the pair {X{t),Y{t)) is the Frcdholm index of 
the pair {X{t), iy{Y{t))). Fix to in by Theorem 5.4 there exists a open neighbourhood of to, 
say U, such that 

indiX it), iy{Y{t))) = indiX (to), iy{Y (to))) 
for every t G U. Therefore we conclude with (28). □ 

Theorem 3.4. // B is the algebra of bounded operators on E then Gr[B) with the quotient 
topology is homeomorphic to Gs{E) with the topology induced by the metric 63. 

Proof. Let s and 7 be sections on Gs{E) and Gr{B) respectively. We prove that the maps 
TT o s and r o 7 are inverse one of each other. Let X be a closed splitting subspace. Then 

7((7ros)(X))~s(X) 

then r{s{X)) — X . Thus (r o 7) o (tt o s) = id. Similarly, we have (tt o s) o (r o 7) = id. □ 

4. Fibrations of spaces of idempotents 

Set B — C{E); we recall that the Calkin algebra is defined as the quotient algebra C = 
C{E) / Cc{E) where Cc{E) is the ideal of compact operators on E. It is a Banach algebra with 
unit. The projection to the quotient p: S — > C is a surjective homomorphism. Consider the 
restrictions 

p: V{E)^V{C) 
Pr- Q{E) ^ Q(C). 

The purpose of this section is to prove that these maps induce locally trivial bundle, with 
non-constant fiber. First we need the following 

Proposition 4.1. (cf. also [1], Proposition 6.1). The maps p and pr are surjective. 

Proof. It is enough to prove it for pr, because the homeomorphism between V and Q 
commutes with the quotient projections. Let 5 be a square root of identity in the Calkin 
algebra and let Q be an operator such that p{Q) = q. There exists a compact operator K such 
that ^ I + K. The spectrum of / + K is a countable subset of C with at most 1 as limit 
point. Let [/ be a neighbourhood of 1 such that 

dU r\a{I + K) U ncr{I + K) C B{1,1). 

Let P be the spectral projector relative to U. Clearly I — P has finite dimensional range. Let 
Qi and Ki be the restrictions of Q to the range of P. We have 

Ql = I + Ki 
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where Ki is compact and (t{Ki) C -6(0, 1). Thus, Qi is invcrtible. We seek H compact such 
that 

The first becomes (/ + Ki){I — H)^ = I. A solution of this equation is given by 

I-f{K\), f{z)^^2= 
Vl + z 

where f{Ki) is defined according to Theorem C.4. Since tlie first coefficient of / in the power 
series expansion, in a neighbourhood of the origin, is 1, the operator above is compact. Thus, 
(/ — P) ® — f{Ki)) is a square root of unit and a compact perturbation of Q. □ 

Theorem 4.2. The map p: V{E) — > V{C) induces a locally trivial fiber bundle. 

Proof. Let xo £ ViC) and D be its connected component. The tuple {p~^{D),D,p) is a 
locally trivial bundle with fiber homeomorphic to p~^{{xa}). By Theorem 2.3 and Appendix 
D, there exists a map on a neighbourhood Uxa of xq 

T: -> GL{E), (tt,,, op) o T{x) = x. 

Thus, we can define a coordinate neighbourhood on Uxo, with its inverse, as follows 

0: Ux,xp-\xo)^p-\Ux„), {x,y)^T{x)yT{xr\ 

There holds po(f)[x, y) = x and is invcrtible. Given a point z G -D, let 5 G G{C) and G G GL{E) 
such that 

P{G) = g, gxog^^ = z. 
Such g is provided by ii) of Proposition 2.2. The existence of G follows from the surjcctivity 
of p: GL{E) — > G{C) (refer Appendix D). We define a trivialization of the neighbourhood 

Uz = g^^Ux„g as 

(t>: Uz X p~\xo) ^ p-\Uz), (x,2/) ^ GT{g-\g)yT{g-^xg)-^G-\ 

The left composition with p is the projection onto the first factor of the product Uz x p^^{xq). 
In fact, 

p o 0(x, y) = p{G)p{T{g-^xg)yT{g-\g)-^)p{G)-^ 
= gp{T{g~^xg))xop{T{g~^xg)-^)g~^ 
= gg~^xgg~^ = X. 

□ 

5. The essential Grassmannian 

In VlyE) and Gs{E) we consider the relation of compact perturbation. We write X 
if and only if X is compact perturbation of Y in the sense of Definition 5.9 and P ~c Q if and 
only if they have compact difference. Given X G Gs{E) and P G 'P{E) we define 

rciP;E)^{QeViE)\P^,Q} 

G,{X;E) = {Y eG,{E)\X ^,Y} 

endowed with the topology of subspace. We denote by Ve{E) and Ge{E) the quotient spaces, 
endowed with the quotient topology. In literature the latter is called essential Grassmannian, 
check, for instance, [1], §6. Let He and TTg denote be the projections onto the quotient spaces 
of V(E) onto VeiE) and Gs{E) onto Ge{E), respectively. By Theorem 4.2, the map 

p: V{E)^V{C) 

has local sections, hence is open. Moreover, two projectors belong to the same class of compact 
perturbation if and only if their difference is compact, hence the map induced to the quotient 

Pe:Ve{E)^V{C) 
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is a homeomorphism. If Ile{P) = ^e{Q) the operator P — Q is compact. Thus, RangeP 
Range Q and we have a wch defined map 

re : VeiE) Ge{E), Ue{P) ^ ^e(RangeP). 

It is quotient map, because obtained as composition of quotient maps. 

Proposition 5.1. There is a homeomorphism between Ge{E) and Gr{C) such that the diagram 

I"e TT 

G,{E) ^Gr(C) 

commutes. 

Proof. Let P and Q be projectors such that 7re(ne(P)) = 7re(ne(P)). Hence ^e{P) 
Iie{Q), that is, PQ — Q and QP — P arc compact operators, thus 

p{P)p{Q) = P{Q), P{Q)P{P) = P{P). 

hence, tt{p{P)) = t^{p{Q))- By following each of the steps above in the opposite order, it is easy 
to check that, if 7r(p(P)) = Tr{p{Q)), then 7re(ne(P)) = 7re(ne(P)). Thus, given X € GsiE) 
and P such that RangeP = X , we have a well defined and injective map 

5e: Ge(P) ^ Gr{C), ge{7re{X)) = n{p{P)). 

Since tt and Pe are surjective, is also surjective. By definition, t: o p^ = g^o r^- We prove 
that ge is continuous. Given U C Gr{C), then 

g:\U) is open iff. r-i(.9-i((7)) 

is open, because the quotient topology is the finest making r^. The latter is (tt ope)^^([/), 
which is open. Since tt is also a quotient map, the continuity of the inverse follows. □ 

Since, by [43], §3, tt is a homotopy equivalence, r^ is also a homotopy equivalence. A 
homotopy inverse of rg is p~^sge where s is a right inverse of tt. We conclude this section by 
showing that the spaces Gc and Vc have the same homotopy type. 

Proposition 5.2. Let X e Gs{E) be a closed complemented subspace and P a projector with 
range X. The restriction of r to Pc(P;P) takes values in Gc{X\E) and is a homotopy equiva- 
lence. 

Proof. Let rc be the restriction of r. To achieve this result we follow the same steps of 
Lemma 3.2. Fix Xq compact perturbation of X. By Theorem 5.15 there exists a projector Pg 
with range such that Po — P is compact. Call Yq its kernel and define the local section 

so: P(Xo,7(Xo,ro)) ^P(P), X' ^ P{X',Yr,). 
This is continuous by Proposition 4.5. Since r{sQ{X')) = X', by Proposition 5.10 the operators 
(/ — sq{X'))Pq and (/ — Po)so(-'^') arc compact. The relation \eT:so{X') = kerPo implies 
s{X'){I - Pa) =Q, therefore 

Po - s{X') = {I- siX'))Po + (Po - s{X')){I - Po) = (J - s{X'))Po 

which is compact. Then s(X')—P is compact. Let U = {Ui |ie/}bea locally finite refinement 
of {P(Xo, 7(Xo, yj))) I G Gc{X\E)} and | z € /} a partition of unit subordinate to U. 
Then, for any Y eG^X-E) 

s{Y) - P = Y,^,{Y){s,{Y) - P) 

is a finite sum of compact operators. The convex combination of s o Tc and id is a homotopy 
map. □ 
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6. The Predholm group 

We call Fredholm group the set of invertible operators on a Banach space that can be 
written as sum of the identity and a compact operator. It is a normal subgroup of GL{E). The 
Fredholm group is endowed with the norm topology; we denote it by GLc{E). 

Theorem 6.1. If E is an infinite dimensional Banach space over a field F, that is M or C, the 
Fredholm group has the homotopy type of LimGL(n,F). 

For the proof see, for instance, [25]. The homotopy groups of the Fredholm group are, in 
the real and complex case, respectively 

0, 1 mod 8 

(35) 7r,(GL(cx),M)) ^ <( i = 2,4,5,6 mod 8 

E 3, 7 mod 8 

mod 2 

1 mod 2 



(36) 7r,(GL(oo,C)) 




see Theorem II of [10]. The spectrum of T e GLc{E) is countable, and cr(T) \ {1} is made of 
eigenvalues of finite multiplicity. When i? is a real Banach space it is defined the Leray-Schaudcr 
degree as 

deg(r) ^ (-i)^(^) 

where /3(T) is the sum of the algebraic multiplicities of the eigenvalues of T such that Rcz > 1 
eigenvalues. It is well defined on the connected components of GLc{E) and defines a group 
isomorphism 

deg: ^q{GL,{E)) ^ = Z2. 

See [35] for details. The L.S. degree will help us to determine the connected components of 
Gc{X; E) when £' is a real or complex Banach space. We will prove that Gc{X; E) consists of 
infinitely numerable components; these arc 

(37) Gk{X;E) = {Y (^Gc{X;E)\dim{X,Y)^k}, k e Z. 

Lemma 6.2. The Fredholm group acts transitively on each GkiX; E) by the left multiplication. 
Moreover, there are local sections of the action. 

The carrying out of the proof follows the same steps of the Hilbert case outlined in [1], §5. 

Proof. Let Y e Gk and T G GLc{E). Let t be the restriction of T to F and i:Y^E 
the inclusion. Both i, i € CiY, E) arc injcctivc and t~i is compact. Hence, by Proposition 5.16 
Range i and Ranged arc compact perturbation of each other and 

dim{Y,TY) = dim(Rangci, Ranget) = dim(kcri,kcri) — 0. 

Hence TY S Gfc. Let Y, Z <E Gk{X;E), hence dim(F, Z) — 0. Let s be a continuous right 
inverse of rc as in Proposition 5.2. The operator s{Z) — s(Y) is compact, call it K. Observe 
that the restriction of s{Z) to Y , considered as operator with values in Z, is Fredholm. Similarly 
we can consider the restriction of / — s{Z) to Y' := kers(F) with values in kers(2'). For every 
y mY and y' € Y' we can write 

s{Z)y = s{J)y + Ky = (/ + K)y 

{I - s{Z))y' = {I- s{Y))y' - Ky' - (/ - K)y' . 

The Fredholm index of these operators is by definition of relative dimension. Fredholm 
applications of index have a nice property: they arc perturbation of an isomorphism by a 
finite rank operator. Then we can choose Ri in C{Y, Z) and i?2 in C{Y' ,kei- s{Z)) suitable 
finite rank operators. Call T the operator obtained as direct sum of the two isomorphisms 
s{Z)^Y + ^1 (/ — s{Z))^Y' + ^2- It is invertible, maps Y onto Z and can be written as 

/ + (A' + Ri)siY) - {K - i?2)(/ - s{Y)) 
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hence belongs to the Fredholm group. This proves that the action is transitive. 

Given F S Gfc we build a local section around Y as follows: let s be a continuous section as 
in Proposition 5.2. There exists e > such that, for any Z e B{Y, e) the operator g{s{Z), s{Y)) 
is invertible. By (30) and (31), 

g{s{Z),s{Y)) eI + C,{E), 

thus, g{s{Z), s{Y)) G GLc{E) and g{s{Z), s{Y))Y = Z. Then a local section of the action is 
defined as 

(38) B{Y,e) -> GL,{E) x G,., Z ^ {g{s{Z) , s{Y)) X) ■ 

□ 

Theorem 6.3. The connected components of Gc{X] E) are Gk{X]E) with k in Z. 

Proof. Let Y,Ze Gc{X;E), connected by an arc, k = dini(X, F). By Proposition 5.2, 
there exists a path a in VdP', E) that connects s{Y) to s{Z). Let g be as in ii) of Proposition 
2.2, thus g S GLc{E). By Lemma 6.2, g{Y) S Gk- Conversely, consider Y,Z & Gk- Hence 
dim(y,Z) = and, by Lemma 6.2, there exists T e GLc{E) such that TY ^ Z. If is a 
complex Banach space, the Fredholm group is arcwise connected. Given a path a that connects 
I to T the path a{t)Y connects Y to Z. If E' is a real Banach space, let S S GL{Y) x GL{Y'), 
where Y (BY' — E, and deg(5) = — deg(T). Then TS maps Y onto Z and is connected to the 
identity operator and we conclude as in the complex case. □ 

7. The Stiefel space 

In this section we introduce the Stiefel spaces and for some X E Gs{E), we compute its 
homotopy type. That will help us to determine the homotopy groups of Gc{X; E). 

Definition 7.1. Let X e Gs{E). We define the Stiefel space, and denote it by St{X;E), the 
set of the bounded operators / £ C{X,E) such that 

(i) f{X) is complemented in E; 

(ii) / is injective; 

(iii) / — « is compact, 

where i: X ^ E is the inclusion. On it we consider the topology of subspace. 

The Stiefel space is an analytical manifold because is an open subset of the affine space 
/ + CciX, E). We recall some results on the homotopy type of St{X; E). 

Theorem 7.2. (refer [19]) If X is a finite- dimensional subspace of E St(X;E) is contractihle. 

Using the techniques of [25] it is possible to prove that when X has infinite dimension and 
infinite co-dimension St{X; E) is contractihle. Then, if X has infinite co-dimension St{X; E) 
is always contractible. The next result is known for Hilbert spaces, see for example [1] §5. The 
generalization to Banach spaces requires, as Lemma 6.2 does, the Proposition 5.2. 

Theorem 7.3. Let rst ■ St{X; E) — > Gq{X] E) he the continuous map defined as rstf = f{X). 
Then {St{X; E),rst,Go{X; E),GLc{X)) is a principal fiber bundle. The action of GLc{X) 
onto itself is the left multiplication. 

Proof. As first step we build a local section around X. Consider a continuous map as in 
Proposition 5.2. Let U be an open neighbourhood of X where (38) is defined. Define 

^o--U ^St{X;E), Y^g{s{Y),s{X))\x. 

This suffices to build an open cover of coordinate neighbourhoods of Gq. Given F G Go, by 
Lemma 6.2 there exists T e GLc{E) such that TX = Y. Then a trivialization of T(U) and its 
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inverse arc given by 

(l>: T{U) X GL,{X) ^ rsl{T{U)), 

iY',g)^Tjo{T-'Y')g; 

■■ rsl{T{U)) ^ TiU) X GL^iX), 

f ^ {Tf{X),g{s{X), s{f{X))) o T-'f) . 

We have to check that whenever two coordinate neighbourhoods Ui,Uj intersect, for every 
Z G UiD Uj the transitions maps are left translations of GLc{X) onto itself. In fact, given Tj, 
Tj such that TiX = TjX = Z the transition map is 

<p-^z^^A9) = g{s{X),s{T,Z))T-^TMT-^Z) ■ g 

is the left multiplication by an element of GLc{X). Then we have GLc{X) compatibility. □ 

When X C E has infinite co-dimension and infinite dimension the exact sequence of the 
principal bundle {St{X; E),rst,Go{X; E),GLc{X)) gives isomorphisms 

(39) 7r,(Go(X;i;),X)=7r,_i(GLe(^))=^<-i(GL(F,c3o)), ^>l 
where F is the real or complex field. 

8. The index of the exact sequence 

Using exact sequence of the fiber bundle {V {E) ,V{C),p) we show how to associate an integer 
to a closed loop in the space of idempotents of C{E). In fact we define a group homomorphism 
on 7Ti{P{C)) denoted by (f. Since V{C) is homotopically equivalent to the space of essentially 
hyperbolic operators on E^ we definitely have a group homomorphism on ■ni{e'H{E)) obtained 
as the composition of with , defined in §2.1. 

Let P be any projector. By Theorem 4.2 the triple {'P{E),p,V{C)) is a locally trivial 
bundle. The typical fiber oi p{P) is Vc{P, E). Then we have an exact sequence 

n^iP^iP; E), P) MP{E),P) 7r,iP{C),p{P)) 

Theorem 8.1. There exists a group homomorphism ipp: tti(P(C),p{P)) — > Z such that the 
sequence of homomorphisms 

MP{E), P) MP{C),p{P)) z 

is exact. 

Proof. The homomorphism is defined as follows: given a loop a E P{C), there exists a 
path 13 eP{E) such that po j3 = a. Thus 

p(/3(0))=p(/3(l)), is cpt. 

We define (^(a) ~ dim(/3(l), /3(0)). First, we observe that the definition does not depend on the 
choice of the lifting path. In fact, given /3' as above, dim(/3(i), /3'(t)) is constant. This follows 
from the Theorem 3.3. Hence, 

(40) dim(/3'(l), /3'(0)) = dim(/3(l), /3(0)) 

We prove that ipp is a group homomorphism. Let a, b be two closed paths at the base point 
p(P). There are two lifting paths a,/3 such that 

q;(0) = P, po a = a, 

/3(0) =P, po^ = b. 

There also exists /3' such that /3'{0) ~ a{l) and po /3' = b. Define 

j = a*P', 7(0) = a(l) 
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which is a lifting path for a*b. Since (3 and /?' arc hfts of the same path b, equahty (40) holds. 
We have 

ipp{a * fe) = dim(/3'(l), a(0)) = dim(/3'(l), /3'(0)) + dini(a(l), a(0)) 
= dini(/3(l), /3(0)) + dim(a(l), a(0)) = ^p(a) + ^p(6). 
Finally, we prove that the sequence above is exact. 

ker (y9p C lm{p^,). Suppose ipp{a) = 0. Hence, dim(/3(l),P) = 0. By Theorem 6.3, there exists 
a path 7 e T'cl-E'; -P) such that 

7(0) = /3(l), 7(1) = ^, p*(/?*7) = a. 
Im(p*) C ker(pp. Given a loop in a G Vc{E; P), we have (pp{p^,{a)) = dim(Q!(l), P) ~ 0. □ 

Corollary 8.2. Given P e 'P{E), we have the following properties of the kernel and image of 
ipp: 

hi) m G Im((y5p) if and only if there exists a projector Q in the same connected component 

of P such that Q — P \s compact and dim((5, P) ~ m; 
h2) the connected component of P in V{E) is simply-connected. 

Property h2) follows straightforwardly from the exactness of the sequence. Let m G Im(iy9p). 
Hence, there exists a path /? of projectors such that dim(/3(l),P) = rn. Thus, wc choose 
Q = /3(1). Conversely, let Q be a projector in the same connected component of P such that 
Q — P is compact. If /3 joins P to Q, p o /3 is a loop and tfp(j) o jS) = m. 

When the index is trivial. When P is a projector whose image has finite dimension or 
finite co-dimension its component in P(C) consists of a single point, hence ipp is the null 
homomorphism. There arc infinite-dimensional spaces, called undccomposablc, where the only 
complemented subspaccs have finite dimension or finite-co-dimcnsion; an example of such space 
was described by W. T. Gowers and B. Maurey in [26]. In that case P(C) consists of two points. 
We observe that in h2), RangeQ = RangeP, by ii) of Proposition 2.2. In [26] W. T. Gowers and 
B. Maurey showed that there are infinite-dimensional Banach spaces which are not isomorphic 
to any of their proper subspaces. In this, case ipp is the null homomorphism. 

The next lemma is needed in order to exhibit a wide class of examples where hi) conditions 
holds. By sake of completeness we exhibit a proof of it. Such proof follows also from [43]. 

Lemma 8.3. Let E be a Banach space, and X,Y G E closed subspaces such that X = Y and 
X (SY ~ E. Two projectors Px,Py with ranges X and Y , are connected by a continuous path 
on V{E). 

Proof. It is enough to prove it when Px is the projector onto X along Y and Py is I—Px, 
because the set of projectors having a fixed range is a convex subset of the space of projectors. 
Check, for instance Lemma 3.2. 

Let a be an isomorphism of Y with X. We define the path 

Ga.e {x + y) = (cos 9 x + sin 9 ay) + (— sin 6 cr^^x + cos 9 y) 

of invcrtiblc operators of E. Direct computations show that Ga{—9) is its inverse. Moreover 
Ga{0) is the identity and Gcr(7r/2) conjugates the projector P to Py- Then the path 

Pe^G„,gPG„,-e, 0<9<7t/2 
has the required properties. □ 

Here is a concrete example where the first condition hold. 

Proposition 8.4. Let E = X (B Y be a Banach space and X a closed complemented subspace 
isomorphic to its closed subspaces of co-dimension m. Let P be the projector onto X along Y . 
Then P satisfies the condition hi) with the integer m. 
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Proof. Since X is isomorphic to its hyperplanes, we can choose subspaces X"^,Rm C X, 
where R has dimension m, X™ is closed and X™ = X. We have the decomposition and 
isomorphism 



By applying Lemma 8.3 with E = X™ © y, we obtain that Px"^ is connected to Py- By 
applying it a second time to E and subspaces X = Rm ® and Y , we obtain that Px is 



The argument used to connect the two projectors P and Px is a modification of the one used 
for Hilbert spaces by J. Phillips in Proposition 6 of [42] when m — \: given the decomposition 



a shift operator s maps and Ri®Y isomorphically onto i?i and Y respectively. Since 
the general linear group of a Hilbert space is contractible the projectors are connected. The 
isomorphism used in the proof is connected to the identity regardless of whether GL{E) is 
connected or not. 

Example 8.5. Given a Banach space X which is isomorphic to its subspaces of co-dimension 
two, but not to the subspaces of co-dimension one, let P be the projector onto the first factor of 
E — X (B X . Then, by Proposition 8.4, 2 G lm{(pp). However, 1 ^ lm{(pp), because condition 
h2) with m = 1 implies the existence of an isomorphism of X with a hyperplane. Thus, 



An example of such space X was showed by W. T. Gowers and B. Maurey in [27]. Thus, there 
are projectors such that the homomorphism is not surjective, but not trivial. 

When the index is an isomorphism. When E is one of the following Banach spaces, an 
infinite-dimensional Hilbert space, spaces LP{VL,ijl) for p > 1 and L^{^l,iJ.), or spaces of se- 
quences £^,m,co, the following three conditions hold: 
(i) E^ExE- 

ill) E is isomorphic to its hyperplanes; 
(iii) GL{E) is contractible to a point. 

From (i), we can write E = X ®Y where X = Y . By (ii), X is isomorphic to a hyperplane, 
thus 1 G Im(iy9p(x,y)) by Proposition 8.4. By (33) with k ~ \, wc obtain the condition hi), 
because Fp and Gp are contractible, by (iii). Hence, i^p[x,Y] is a group isomorphism. 

The Douady space. We exhibit an example of Banach space E with a projector P of 
infinite dimensional range and kernel and a loop a in V{C) with base point p{P) such that 
f{a) = but not homotopically equivalent to the constant path. 

Proposition 8.6. Let X d E be a complemented subspace isomorphic to its complement and 
P a projector such that P{E) = X. If GL{X) is not connected, the component of P in 'P{E) 
is not simply connected. 

Proof. Choose a topological complement Y and let T G GL{X) be such that there exists 
no path joining T to the identity. Let a be an isomorphism of Y with X. Hence the invertible 
operator 



lies in the connected component of GL{E) of the identity. A path can be defined as Ga.eTiGa-e 
where Gafi is the operator defined Lemma 8.3. Call S such path and define a = SPS~^. Since 
Ti commutes with P the path a is a loop with base point P. The group homomorphism 



A: TTi{V{E),P) ^ noiGL{X)) x no{GL{Y)) 
induced by the fiber bundle {GL{E), ttp,V{E)) maps a to Ti. Thus Aa ^ 0, hence a 7^ 0. □ 



E = Rm ffi X" (BY, X""^ Y. 



connected to Py. Hence, Px is connected to Px 



□ 



E^X^®Ri®Y 



Im((/?p) 2Z C Z. 
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In order to find non-contractiblc loops with vanishing index we need some projector P such 
that the inclusion 

is not surjective. We will prove that for some spaces the second group contains infinitely many 
distinct elements, while the first is a finite group, according to (39). Let F and G be such that 

(i) every bounded map G — >■ is compact, 

(ii) both F and G are isomorphic to their hyperplanes; 

let X = F S) G. Let T <E GL{X). Wc can write it block- wise using the projectors on F and G 



T = 



Since G is compact, it is possible to prove that A and B arc Fredholm operators such that 
ind(A) + ind(D) = (refer [38]). We define /(T) = ind(A). We have the following 

Lemma 8.7. (refer [20]). The map f: GL{X) — > Z is continuous and surjective. 

We define E ^ X (B X . By the lemma, we have a surjective homomorphism, obtained by 
composition 

(/xO)oA: TTi{r{E),P)^Z. 

Hence, given a loop a ^ i^,{-Ki{Vc{P\ E)))^ the element a = p*{a) is non trivial and, since the 
sequence in Theorem (8.1) is exact, ^pp{a) = 0. 

A pair of spaces with the properties i) and ii) is given by {£^,1'^) with p > q > 1; refer 
Theorem 4.23 of [47] for property i). Isomorphisms with hyperplanes can be defined using 
the operators {sx)i = 0, {sx)i — Xi-i,i > 2 for every x S i^. Thus, in the space 

if we call P the projector onto the first factor, then (pp is not injective. Finally, we observe 
that the image of P is isomorphic to a hyperplane. Thus, by Proposition 8.4, lm{ipp) = Z. 
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Linear equations in Banach spaces 



We state and prove some general results about differential equations on a Banach algebra 
with unit, usually denoted by 1. We are mainly concerned of the Cauchy problem 

(41) u'{t) = A{t)u{t), u{0) = 1 

where A is a continuous path in a Banach algebra B. Local existence and uniqueness hold. In 
fact these solutions admit a prolongation to the whole real line R. Denote by Xa the solution 
of (41). Using local uniqueness we prove some properties of the solution Xa- When B is the 
algebra of bounded operators on a Banach space E two linear subspaces, the stable and unstable 
space, are defined 

WX = \xeE\ lim XAit)x = 

W^^ \xeE\ Hm XA{t)x = 

If yl is a bounded and asymptotically hyperbolic these are closed linear subspaces, admit a 
topological complement, and have the asymptotic behaviour 

lim XA{t)WX^ E-{Ao{+(x)), 

t^-\-oo 

lim XA{t)Y ^ E+{Ao{+oo)) 

where Wa (DY = E. The limits are taken in the topology of G{E). In the last section we look 
at the effects of perturbation of an asymptotically hyperbolic path on its stable space. Precisely 
the stable space varies continuously in the topology of Gg {E) . li A — B is a path of compact 
operators then Wa and are compact perturbation one of each other. 

1. The Cauchy problem 

Let S be a Banach algebra and A a continuous path defined on the real line. Given u,v ^ B 
we can always consider two Cauchy problems 

(42) XA.u'it) = Ait)XAAt). XaAO) - u 

(43) X^'^'it) = X'^-''{t)A{t), X-^'^'(O) = V. 

By Theorem A.l unique local solutions always exist and the maximal solutions can extended, 
by Proposition A. 6, to R. 

Proposition 1.1. Let u,v G B. We have 

X-^'''{t)-XAAt)=vu, 

XA.u{t) ■ X-^'^t) = XaAI) ■ uv ■ X-^'\t) 

for every t £ M. Moreover Xa.i is invertihle and its inverse is X~^'^ . 

Proof. To prove the first equality consider the path X^^-^ ■ Xa,u- By hypothesis the 
path is at f = and its derivative is 

X~^'^ Xa,u + X^'^'^X'a^u — —X~^''"AXa,u + X~^'"AXa,u = 0; 
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then X-^-^XA.uit) = vu for every t. To prove the second we argue similarly. The path 
XA,v{t) ■ X^^-'^{t) has derivative 

Xa,v ' + ^A,v^ ' =[AtAa,v--^ \ 

and is therefore solution of the Cauchy problem X' = [A, X] with starting point at uv. By direct 
computation Xa,i ■ uv ■ X~^'^ solves the same equation. By uniqueness the second equality 
holds. The first equality applied to u = w = 1 gives X^"^'^ ■ Xa.i = 1- Since Xa,i ■ X~^'^ and 
the constant path 1 solve the same equation, Xa.i is invertible. □ 

Definition 1.2. An clement u S B is a left inverse if there exists u, called right inverse for w, 
such that uv = 1. We denote the subsets of left and right inverses by Bi and Br respectively. 

Proposition 1.3. If u Cz Br (resp. Bi) then Xa,u C Br (resp. Bi). If u is invertible then 

XaA^)-^ ^x-^^'--\t). 

Proof. Let u E Br and v be such that vu = 1. By the first equality of Proposition 1.1 
Xa,u C Br- If u G GiB) let v be its inverse. The first and the second of 1.1 give X'^'"" ■ Xa,u = 
Xa,u-X-^-- = 1. ' □ 

We will abbreviate the notation for the rest of this section: for curves with starting point 
1 we write Xa instead of Xa.i- 

Proposition 1.4. Br and Bi are open subsets of B- 

Proof. We will prove that Br is open. Let u G Br and v be such that v ■ u = 1. Let 
ro = l/||w|| and h e B. Then 

v{u + h) ^ vu + vh ^ 1 + vh. 

li h £ B{u,ro), by the Von Neumann series, 1 + vh is invertible. Then (1 + vh)^^v is a left 
inverse oi u + h- Actually, in a neighbourhood of u, we have defined a smooth function 

(44) B{u,ro)^Bi, u' ^ Lu,ro{u') = [I + viu' ^ u)]~^v e Bi- 

such that Lu,ro{'a') • u = 1. The same conclusions hold for Bi. □ 

Proposition 1.5. Let X e C^{M.,Br)- There exists A € C'{R,B) such that X^,x(o) = X- 

Proof. As first step we prove that there exists a path Y with values in Bi such that YX = 
1. Let to e R. Since X{to) G Br there exists Y{to) such that Y(to)X{to) 1 and the (44) pro- 
vides us with a differentiable map defined in a neighbourhood B{tQ, £{to)), namely Lx[to),e[to)- 
By paracompactness of R we can extract a locally finite sub-covering of {B{t,e{t)) \ t G R}, 
say U = {Ui \ i € I}- Let cr: / — ^ R be a choice function and {^pi \ supp^s; C f/j} a partition 
of unity subordinate to U. Then set 

i 

Actually Y is infinitely differentiable. Its image lies in Bi^ in fact 

Y{t)X{t) - ^^^u {t)X{t) = ^ 1- 

i i 

Now, in the chain of equalities X' ^ X' - I = X' - YX = {X'Y)X set A = X'Y and obtain 
X' = AX- By uniqueness, X = Xa,x{o) q-cd. □ 

This proposition gives us a characterization of the solutions of X' ~ AX when the starting 
point lies in Br (resp. Bi)- They are just curves on Br (resp. Bi)- 

Proposition 1.6. G{B) is union of connected components of Br- 
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Proof. Let B'^ be a connected component of Br such that G{B) n 7^ 0. Let x G B'^. 
Since is an open set we may choose a path F G C^([0, l],B'j.) such that r(0) — g G G{B) and 
r(l) = X. Then, by Proposition 1.5, P = Xa,t{o) for some A e C([0, 1],B). Since P(0) is an 
invertible element of S Proposition 1.1 states that P(t) G 0(6) for any t G [0, 1]. In particular 
P(l) G G{B) thus B'r C G(i3). □ 

The proofs of the following equalities are consequence of the uniqueness of the solutions of 
Cauchy problems. Given a path A & C(M, i3), t G IR we denote by Aj- the path A{- + r) = 

A{t + T). 

Proposition 1.7. Let A and B he two continuous paths. Then 

^A+B = Xa ■ Xx^-^BXa 
XA(.+s){t)XA{s)=XA{t + s) 



for any s G M. 

Proof, hei X = XaXx^-^bXa- Differentiating 

X' = X'a- Xxa-^BXa + ■ X'x^-ibXa 

- (A + B)Xa ■ Xxa-^bxa = + B)X 

hence X ~ Xa+b- To prove the second equality let Y — XA{-+s){t)XA{s)- Differentiating we 
find that Y'{t) = A{t + s)Y{t), Y{0) = Xa{s). Since the same holds for Z(t) = XA{t + s) the 
second equality is proved. □ 

Proposition 1.8. Let A, B e C(R,B) 

(45) Xeit) = XA{t) + I XA{t)XA{T)-\B - A)XB{T)dT 



Proof. Call X and Y respectively the left and right members of (45). We have X{Q) — 
y(0) = 1 at t = 0. We prove that both solve the Cauchy problem u' ~ An + {B — A)Xb with 
starting point 1. In fact 

X' = BXb = AXb + {B- A)Xb ^ AX + {B - A)Xb 

Y' = AX A + A f XA{t)XA{T)-\B - A)Xb{t) + {B - A)Xb 
Jo 

= AY + {B-A)Xb. 

□ 

When B is the algebra of bounded operators on a Banach space E, given a path A in C{E) 
we can always consider the adjoint A* G C{M., C{E*)). The relation 

(46) {X^')*=X^A' 
holds. In fact the derivative of the left member is 

{-{XA)-'AXAX^^r ^ ~A*{XJ^r ^ X'_A-'. 

2. Exponential estimate of Xa 

In this section we denote by Cb{R,B) the space of bounded functions in B. This space is 
endowed with the norm ||A||oo = supj^jj ||^(i)|| that makes it a Banach space. 

Proposition 2.1. If A is bounded XA{t) satisfies the exponential estimate 

(47) \\XA{t)XAis)-'\\<ce^\'-'\ 
for some c > 0, A G M and any t, s G M. 
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Proof. Let r = t — s. By the Proposition 1.7 it is enough to prove that 

||^A(.+.)M||<ce^l'^l 

for every r € R. To achieve this inequality we apply the Gronwall's lemma to the function 
a(r) = ||X^(._|_s)(r)||. In fact since 



a{r) < 1+ / M(.+,)(r)||«(r)dr 
Jo 

by the Gronwall's lemma (see Lemma A. 5) 

a{r) <1+ f ell'^ll~('^-^)dr. 



Easy computations show that c = 2max{l,l — l/||A||oo} and A 
peating the same argument for t < we complete the proof. 



fit our request. Re- 
□ 



Proposition 2.2. Let A,H e Cb{M.,B). If \\XA{t)XA{sy^\\ < ce^^*"^) for any t > s > we 
have \\XA+H{t)XA+H{s)^^\\ < ce^^*^*) where fi ^ X + c||i/||oc>- 

Proof. Applying the first equality of Proposition 1.7 to A and ^ it easy to check that Xa 
satisfies the exponential estimate for any t > s > with constants (c, A) if and only if A + yu 
does the same with (c, A — //) . In fact 

XA+f^iit) = Xa ■ X^^,^j,^-^{t) = Xa ■ X,j{t) = e^*X^(t). 

Set B = A + /i/. Hence we just have to prove that if (c, A — ^) works with Xb then (c, 0) works 
with Xb+h- Now fix s > 0. By the second of Proposition 1.7 XB{t)XB{s)^^ — Xb{s + t — 
s)Xb{s)^^ = XB{.+s){t ^ and the statement reduces to prove that 



(48) 



Xf 



(r) < c, r > 0, 



where Bg = _B(.+s), H = To prove (48) fix t G R+ and consider the following map of 

Cb{[0,t],B) into itself 



X^ifX)ir)^XBAr) 



1+ I XBArr^Hs{T)Y{T)dT 
Jo 



By (45) Xb^+Hs is a fixed point of /. We will prove that / is a contraction and that 5(0, c) is 
invariant for /. Since every nonempty closed invariant subset for a contraction contains its fixed 
point this will conclude the proof. It is enough to prove that the linear application L = f ^ Xb^ 
is bounded and ||L|| < 1. This will suffice to prove that L is a contraction, hence the afhne map 
L + Xb is also a contraction. Let X in C([0, t],B) 



\LX\\ 



< 



cWHW 



1 -e-("-^)*)||X 



/i — A 

hence / is a contraction. To prove that -6(0, c) is invariant for / let AT e -6(0, c) thus 



ll(/^)WII = 



1+ / XBSrr'H,{T)YiT)dT 

JQ 



< ce(^-'')* + c^H\U f \\XB{t)XB{T)-^\\dT 
Jo 



< ce(^-'')* 1 - 



cWHW 



/i — A 



c1|g||oc 

/i — A 



Then ||/A||oo < c and the proof is complete. 



□ 
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lim XAit)x^Q 

t— — oo 



3. Asymptotically hyperbolic paths 

For the remainder of this chapter we restrict our attention to the algebra of bounded 
operators on a Banach space E. Given a continuous path A in the space of bounded operators, 
defined on IR+ we define the stable space as 

WX^ IxeX lim XA{t)x = 

I t~>+oo 

Similarly, if ^ is a path defined on wc define the unstable space 

Using the equalities of Proposition f .7, for every t > and s < we have 

(49) XA{t)WX = XAis)WX = WX^.^^y 

We denote by H+ and the scmi-plancs of C with positive and negative real part, respectively. 
Let Aq be a hyperbolic operator, that is a{Ao) n iM = 0. Thus we have a decomposition of the 
spectrum 

a{Ao) ^<7+{Ao)Ua-{Ao) 

where a^{Ao) — a{Ao) n H^. Let P+, be the spectral projectors of the decomposition, 
and E~ their range respectively. It is clear that the stable and unstable spaces of the 
constant path Aq are E~ and E~^. In the following theorem we prove that ii A = Aq + H is a 
small perturbation of Aq the stable and unstable spaces of A are closed and admit a topological 
complement. 

Proposition 3.1. (cf. [3], PROPOSITION 1.2). Let Aq be a hyperbolic operator, with a~{Ao) 
and cr+(Ao) nonempty, and a pair (c. A), A > such that, for any t >0 

(50) lle'-'iB-ll < ce-^*, < ce"^*. 

Let M := max{||P+||, ||P^||}. There are positive constants h,iy,b depending only on c and A 
such that if 

m\\^ < ^ 



Mc{l + ^) 
the following facts hold: 

(i) for every t >0, X^(t)W^ is the graph of a bounded operator S{t) e £(i?~, £'+), 

/oo 
e-(^-*)\\H{r)\\dT, 

(iii) the function 5* has much differentiability as Xa, 

(iv) for every uq £ and every t > s > there holds 

\XA{t)uo\ < be-''^'-''>\XA{s)uo\. 

Proof. First we check what kind of differential equation satisfies u = Xa ■ uq, for any 
Mo & E~ E^, in terms of the projectors P^. Let u = x + y. Differentiating both sides we 
find that 

x' = A^x + A^y 
y' = A±x + A+y 



(51) 



where A± = P^AP , A^ = P AP and so on. For every r > t > s the system above can be 
rewritten as 

xit)^XAAt)XAjs)-'x{s)+ [ XA_{t)XAAT)-'A^{r)y{T)dT 
(52) -^f, 

yit) = XA4t)XA+iry'yir) - / (t)X^^ (T)-iA±(T)a;(T)dT. 
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By hypothesis ^o,- fulfills the exponential estimate (47) with constants (c, —A). Thus A^, by 
Proposition 2.2, also does it with constants c and —H- = —X + c\\H-\\. Similarly, by (50) — ^+ 
fulfills the estimate (47) with constants c and — /i+ = —A + c||i?^|| — —A + c||-ff+||. By the 
equality (46) we have 

\\XA4t)XAAr)-'\\ = \\{XA,it)XA4r)-'r\\ 
= ||X^^(r)-i*X^^(t)*|| = \\X^A'^ir)X^Aiit)-'\\ 

ioT r > t > 0. The first equation of (52) gives inequalities 

and the second gives 

XAjt)XA4T)-'H±{T)xiT)dT <cj^ e-''+(^-*)||i7±(T)|Mt||x|U,[t,,] 



(54) 



(55) 



I II oo, [i.r] ■ 



Since ^+ and fi^ arc positive, in the second of (52) we can take the limit as r — > +oo. Set 
s = in the first of (52). Therefore the equations (54) and (55) permit to define a continuous 
map on the Banach space Cb(M.~^ , © E^) 



(56) 
where 



La 



it) 



( 



\ 



XA_{t)XAArr^A^{r)y{T)dT 
XA4t)XA+{r)-^A±{T)x{T)dT 



\ 



By (54) and (55), the operator La is bounded. A bounded solution u of (51), with P u{0) = xq 
is a fixed point of ipA,xo- The estimate of ||ff||oo in the hypothesis gives 



(57) 



(2c3)i/2||i/^|| <^_, (2c3)i/2||i/^|| < 



hence (pA,xo is a contraction. Clearly if uq e Wa the curve XA(t)uo is a fixed point of fA,xo- 
Using (54) and (55) we prove that if u is fixed point then u(0) S W^, hence u is not just 
bounded, but infinitesimal also. If u(0) = it is clear. Suppose u(0) 7^ 0. For any t > s 



(58) 



\x{t)\ < ce-^-(*-^)|a;(s)| + 
< max{c|x(s)|, " + 



clliJ: 



Til / x - e~^-(*~'*) 



" l|y l|oo,[s,oo) }; 



\y\\oo,[s,t) 



< 



the supremum on the real axis is allowed since we know that both x and y are bounded. From 
(55) 



(59) 

and, taking the sup on [s,oo) 
(60) 



I / M C||_ff-|-|| 

|y(s)| < IfIIoo,[s,oo) 



c||iJ±|| 

cxdJs.cxd) — cx3,[s.oo) 
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and we get 

^2 1 1 1 1 1 1 II 

(61) ||a^||oo.[s.oo) < max{c|a;(s)|, ^l|a;||oo.[s.oo)}; 

the estimate of ||-ff|| also implies that c^||_ff±||||i7zp|| < therefore (61) allows to write 

(62) ||a;||oo,[s,oo) < c|x(s)|, 
and, by (59) we get the final estimate 

(63) \y{s)\ < ^lM|x(s)|. 

It is easy to check that x does not vanish at any point of R+ for, if such t G exists (63) 
implies y{t) = 0, thus ~ x{t)+y{t) = u{t) ~ XA{t)uo. Since X^(t) is invertible we had uq — 
in contradiction with the hypothesis. If is a Hilbert space it is easy to build a continuous 
path U{t) of operators in £(i?",i?+) that maps x{t) to y{t) and ||C/(t)|| = |y(t)|/|x(t)|. Just 
define 

{x{t),z ) 
\xitW 

where (•, •) denotes the scalar product of the Hilbert space. For Banach spaces we need some 
results of continuous selection such as Theorem 4 of [7]. By Corollary D.2 of Appendix D 
there exists a path J/^ continuous and bounded in C{E~ , E^)) such that 

US)x{t) = y{t), \mt)\\ < (1 + £)^^^ + e 
for every e > 0. Then we can write the first of (51) as 

x' = [A^{t)+A^{t)US)]x 

Since Az^{t)U^{t) is a bounded operator in C{E~) we can apply the Proposition 2.2: in fact 
satisfies an exponential estimate with constants (c, — /x_), then the path A-{t) + A^{t)U^{t) 
does it with constants (c, — ;^e) where 

^v, = -^l^+c\\H^U,\\ < -ii-+c\\H^\\ ■ (l+e)^i^ +ce||i7zp||. 

Let V = h'Q. We have = —fi-f-i+ + c'^||i?±||||i/^||. By (57) — /i+t^ < 0, hence —v < 0. 

Then, if we choose e small enough — i/^ < and 

|a;(t) I |a;(s) I, t>s>0. 

Taking the limit as e — >■ we obtain 

\x{t)\ < ce-''(*-^)|a;(s)| 

'''' < S™e-"<.-.)W.)| 

M+ 

and X and y vanish at infinity. Thus the fixed point u of ^a,xo can be characterized as a curve 
that solves (51) such that 

(65) u{+oo) = 0, p-u(O) = Xq. 

An application S in C{E~ , E'^) whose graph is is defined as follows: given xq in E~ there 
exists a unique fixed point of ipA,xoi call it u. Thus u(0) S W%. We define Sxq — P'^u{Q) and 
we have 

u(0) = p-u{Q) + P+u(0) = + Sxo 
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hence graph (5) C Wj^. Conversely, given uq £ the curve v{t) = XA{t) ■ uq, by the 
characterization in (65), is the fixed point of (Pa,p-uoj hence P'^uq ~ SP^uq. Then graph(5) ~ 
WX- We can write exphcitly S 



(66) S ^ P+ oevQO {I - La^^ ■ 



XaA-)^o 




where evo is defined on Cf, as the evaluation at t = 0. Then S is bounded and Wa is closed and 
E = E+®Wa- Since At = Ao + H{-+t) the same constants work to show that WX^ = XA(t)W^l 
is graph of an unique bounded operator, say S{t) and i) is proved. By direct computation 

(67) S{t) = P+XA{t){lE^ + S) ■ [p-XA{t){lE^ + S)]-\ 

Hence S E C{M., C{E^ , E^)) inherits the regularity of Xa and ii) follows. 
Taking the limit as r — )■ +oo and t = in (55) 

l^^ol - \yo\ < c e-^+ni^±(7-)i|dr^ Moo 

<C^ (^j\-''^\\H{T)\\dT^ |xo| 

since v < jij^. For the general case consider the shifted path A{- + 1). Then 
\S{t)x,\ < ^°°e-^+-'||i7(.+,)^(r')||dr') |xo| 

= c2 (^^°°e-^(^"*)||i/±(r)||rfr) \xo\ 

where t = t + t' . This proves iii). Finally let uq £ W^- By (64) and (57) we can write 

\XA{t)uo\ = \x{t) + y{t)\ < \x{t)\ + \y{t)\ < ce""^'*-^) (^1 + \x{s)\ 

< {c + c')\\p-\\e-''<^'-'^uis)\ < be-''<^'-'^XAis)uo\. 
where b = c(l + c)||P~||||P+||. The proof is complete. □ 

Proposition 3.2. (cf. [3], Proposition 1.2). With the same hypotheses of the preceding 
statement we have 

(i) for every t > 0, XA{t)E+ is the graph of an operator T{t) e C{E+,E-), 

(ii) \\m\\<c^ f e-^('~^^\\H{T)\\dT, 

Jo _ 

(iii) T is as much difFerentiable as Xa, 

(iv) for every j/o S , t>s>0 the inequality 

\XA{t)yo\>b-'e''^'-'^\XA{s)y„\ 

holds. 

Proof. Let t G R+ and y e In (52) let r = I and s = 0. Then we have a continuous 
map, on C{[0,t],E~ © E+) into itself 

X\ r. f X\ f 



^''^ ^^■'■[y)^''^-{yJ-{XAA-)XMt)-'y. 

where Ra is a bounded operator defined as 

f f Xa (t)XA (r)-^A^(T)v(T)dT \ 



Ra 



XA_it)XAArr A^ir)y{T)dT 
t 

XA^{t)XAAT)-^A±{T)x{T)dTj 
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The map is continuous because Ra is bounded. If ||-ff ||oo is estimated by the same constant of 
the preceding proposition \\Ra\\ < 1, hence tpA,y is a contraction. The fixed point w is a solution 
of (51) characterized by the property 

(69) p-v{0) = 0, P+v(t)=y 

Let y(^E+ and let u be the fixed point of (68). We define T(t) -y = p-u(t). By (68) m(0) G E+ 
and P^u(t) = y, hence 

y + T(i)y = P+u(t) + p-u{t) = u(t) = XA(i)u{{)) 

thus graph (r(i)) C X^(t)i?+. Conversely, let z € XA{t)E+ and y € E+ he such that z = 
XA{t)y- The curve u = XA{-)y has the property (69), thus coincides with the fixed point of 
V'A.p+z- Hence 

z = P+z + P-Z = P+z + p-u(t) = P+z + p-v(t) = P+z + T{t)P+z. 
Hence X^(t)i?+ = graph (T(I)). The map can also be written as 

T(Z)y^p-oe.o(/-i?.)--(^^^(.)/^^(,)-r^.) 
and i) is proved. For every t > 

(70) m = p-{p+\x.it)E^r^ = p-XA{t)[p+XA{t)]-' 

and iii) follows. Now let < i < r < t. If (x, y) is the fixed point of i/ja we find 

(71) 1^(01 < ^^\\y\Um 

still from (54) and (55) we can write 

\y{t}\ < ce-»t''-''|s(r)| + _ ||a;|Uj„,,, < 

< max{c|y(r)|, ||a;||oo,[o.r]}; 

from (71) we write 

r7^^ II II <- 4Mii II 

I'-j) lFl|oo,[0,t] < Il2/||oo,[0,t] 

for any < i < r. By (72) and (73) 

r , . M C^ll^illll^Tll „ „ 

(74) ||y||oo,[o,r] < niax{c|?/(r)|, ||2/||oo,[o,r]|- 

Since c^||i?±||||iJ;p|| < we have 

(75) blloo,[o,r] < c\y{r)\. 
Setting t = r in (71) from (75) it follows that 

(76) 1^(^)1 <£lM|y(^)| 

As we have done for the preceding Proposition for every e > the Corollary D.2 provides us 
with Ve e Ci[0,t\,B{E+,E~)) such that 

V,ir)yir) = x{r), \\V,\\ < (1 + e)^^M + e 

hence y' = (A+ + H±Ve)y. Applying the Proposition 2.2 to —A*^ for every e > and r > t > 
there holds \y{r)\ > c~'^e''-^''~*'>\y(t)\. Taking the limit as e ^ 

(77) \y{r)\>c-'e''^^-'^\y{t)\. 
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for every r > i > 0. By (76) 

(78) \yis)\ = Y^(c|j/(s)| + \yis)\) > + |y(«)l) > 

Given uq e , using (78) and the fact that the norm of a projector is at least 1 we can write 
\XA{r)uo\ > \y{r)\\\P+\\-' > {c\\P+\\)-'e''^^-'^\y{s)\ 

and (iv) fohows. Finally 

\nt)y\ = <c[ I e-^^^*'^>\\H^\\ I 




the last estimate follows from (75) with r ~ t and (ii) is proved. □ 

Remark 3.3. The statements and the proofs of the two theorems regard only the stable space. 
To obtain the same conclusions for the unstable space defined on the negative real line just set 
A{t) = A{—t). Using argument of uniqueness of Cauchy problems we obtain 



XaH) = X_^{t), Wl = Wl^, -A{+^) = -A{- 



oo 



Thus we can apply Propositions 3.1 and 3.2 to —A on the positive real line. 

4. Properties of Wj^ and W\ 

In the preceding section it has been proved that (as ) is a splitting space if A is 
close, in the uniform topology, to a constant hyperbolic path Aq. We prove that it is true for 
any asymptotically hyperbolic path. Conversely we provide, for any pair {X^Y) in GsiE), a 
path A such that (W|, W^) = {X, Y). 

Theorem 4.1. (cf. [3], Theorem 2.1). Let A be an asymptotically hyperbolic path of oper- 
ators defined on M+. Let Aq = A{+oo), E^ the spectral decomposition. Then is a 
splits 

(i) W% is the only closed subspace W such that XA{t)W — > E^ , 

(ii) 11X^(0^^= II < ce"^(*"")||XA(s)ny, II for suitable c, A > and every t > s > 0, 

(iii) for every V G Gs{E) such that V®W%^E p{XA{t)V, E+) 0, 

(iv) inf |Xyi(i)w| grows at exponential rate, 

\v\ = l 

(v) Wtj,, ^{W%)^. 

Proof. Let A{-\-co) = Aq. Since is a hyperbolic operator there exist c and A such that 
the condition (50) holds. Let H = Aq — A. If r is large enough ||i?(.+r)|| is smaller than the 
constant of Proposition 3.1 then 

= XA{r)WX 

is a topological complement of i?+ and, since Xa{t) is invertible, is closed too and 

Xa(t)WX ®E+ = E = WX® Xa{t)~^E+. 

Now for i > r the Proposition 3.1 says that XA{-+T){t)WA{-+T) ^^'^ graph of a bounded linear 
map Sit) : E- ^ E+ and 

rOC 

\\S{t)\\<c^ / e-'^(*-"')||ff(T + T')|Mr'. 
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This implies that S{t) converges to the null operator as t ^ +00. By Proposition 3.1, 
graph(S'(i)) converges to graph(O) = E~ , hence XA{t + t)WX = -''^A(-+T)(i)W^l(.+T-) E~ . 

The ii) follows from iv) of Proposition 3.1 taking the supremum over the unit sphere of WJ^ 
on both sides of the inequality. 

Let F be a closed subspace of E. Up to a time shift we can suppose that V is graph of a 
bounded operator L € £(£'+, W^). First we prove that p{XA{t)E'^ ,XA{t)V) converges to 0. 
Let V e XA{t)V and y ^ E+ he such that v = XA{t) ■ {y + Ly). Set u = XA{t)y. Then 

\v^u\^ \XAit)Ly\ < 6e-^*||i|||2/| < b^e-^'''\\L\\\XA{t)y\ 

= b\-^'''\\L\\\u\ < b^e-^'^WLWilvl + \v- u\) 

since a{t) := b'^e~'^''^\\L\\ is an infinitesimal sequence, for t > t wc have a{t) < 1 and the above 
inequality becomes 

Iw — u| < Q;(t)(|'i;| + \v — u\) => |w — u| < ^ \ \v\ 

1 — a(t) 

and we conclude that p{XA{t)Y, XA{t)E^) — > as t — > +00. On other hand 

\u-v\^ \XAit)Ly\ < be-^mm \y\ < b^e-^''%L\\ 

= b^e-^''*\\L\\\u\^a{t)\u\ 

anAp{XA{t)E+,XA{t)V) < a{t). The proof is complete using the fact that p{XA{t)E+ , E+) 
which follows from i) and ii) of Theorem 3.2. 

To prove the converse of i) let C be a closed subspace such that XA{t)W — > E^ . By 
iii) for every topological complement of W^, say V, we have V CiW = {0}, hence W C Wa- 
There exists to > such that, p{XA{to)W, ^^(to)^'!) < 1 and, by Proposition 3.2, XAito)W = 
XAito)WA hence W = and i) is proved. 

In order to prove the iv) we can suppose, up to a time shift, that V — E = Wa © E'^. 
Again V = graph(i), L e C{E+,WX). Then 

\XAit)v\ - \XAit)y + XAit)Ly\ > \XA{t)y\ ~ |X^(t)Ly| 

> b-'e^'\y\ - be-^'WLM = (fo-ip/* - 6e-^*||L|l)|y| 

>l/(l + ||L||)(6-V*-5e-''*||L||)K,| 

and iv) follows by taking the infimum over S(V). By (46) wc have the chain of equalities 

(80) x^A'{t){wx)^ = (XA{t)-'nwx)^ = {XA{t)WX)^. 

Since X^(t)VF^ converges to E~ and E~ splits the Proposition 3.4 allows us to take the limit 
in (80) which is (E-)^. Since {E')^ = E-{-A*), by i) 

x.A-.mwx)^^E-{-An 

implies (VFl)^ = lyi^.. □ 
Analogous statements hold for the unstable space Wa by considering the path —A. 

Lemma 4.2. Let A be an asymptotically hyperbolic path of on M+. Then X^(t)W^ = E^ for 
every t > if and only if A{t)E^ C E~ 

Proof. For any W <^ E such that XA{t)W = E~{A{+oo)) we can set t = to get 
W = E-{A{+oo)), hence 

(81) XA{t)E- = E- 

for any t > 0. Now, fix i e M+ and let x e E~ , x = XA{t)^^x. By the (81) the curve 
u{t) — XA{t)x is and takes values in E^ , therefore u'{t) G E^ for any t G M+. Hence 

E- 3 u'{t) = A{t)XA{t)x = A{t)XAit)XA{ty^x = A{t)x. 
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Conversely, assume that the second condition is true for any t G M+. First we prove that 
XA{t)E~ C E~. Let X G E~ and let u{t) = In the second of (51) we have A±x = 

by hypothesis, thus y' — A+y. Hence 

P+uit) ^ XA+it)P+u{0); 

since P+m(0) = we have P+u = and from the first of (51) we obtain u{t) G . Now, Xa 
sets a continuous path of semi-Fredholm operators on . By Proposition B.5 these operators 
have the same index for any t G M"'". Since Xa{0) = Id the index of these operators is zero. Since 
every XA{t) is restriction of an invertible operator they are injective, thus surjective, that is 
XAit)E~- = E-. In particular XA{t)E- converges to E' . By i) of Theorem 4.1 E- = W^- □ 

Proposition 4.3. Given a pair of splitting subspaces {X,Y) in E there exists a path A, con- 
tinuous and asymptotically hyperbolic on M, such that W\ = X , — Y . 

Proof. Let P, Q be two projectors on X and Y respectively. We build first a path 
A'^ on M+ such that Wab = X. Let A'^ be the constant path I — 2P which is hyperbolic 
because (/— 2P)^ = /. The spectral projector on the negative and positive eigenprojectors are, 
respectively, P and / — P. A solution x + y oi (51) satisfies 

x' = Atx + A?^y = ~x 
y' = A%y + A'j^x = y. 

Thus XA^it) = e~*P + e*(/ — P) and the stable space is X. Similarly we can define A^{t) = 
2Q — I for t < 0. The joint path A'^^A'^ is piecewise continuous. In order to find a smooth 
path consider a smooth function (p such that (p{[—l/2, 1/2]) = 1 and (y5('^(— 1, 1)) = —1. Thus 
the path 



A 



ipit)P+{I-P) t>0 
<p{t){I-Q) + Q <<0 



is smooth. The solution of (51) with starting point a;(0) + y{Q) is 

x[t) = e*(*)a;(0) 
y{t) ^e'yiQ) 

where $ is the smooth function such that <f>(0) = and $'(t) = 'p{t)- Since $ diverges to — oo 
as i — +00 the stable space is X. Since $ diverges to +oo as t — > — oo, hence the unstable 
space is F. □ 



5. Perturbation of the stable space 

In the previous sections we have defined the stable (and unstable) space and proved that 
is an element of Gs{E), the Grassmannian of splitting subspaces. Thus, in the set 

ChiR-^XiE)) = {Ag C(S^,£(P)) I CT(A(+oo))niR = 0} 

endowed with the uniform topology it is defined an application that maps A to W^. In the next 
two theorems we prove that it is continuous and that if two paths differ by a path of compact 
operators then the stable spaces are compact perturbation one of each other. 

Theorem 5.1. (cf. [3], Theorem 3.1). The map A i->- Wa is continuous. 

Proof. Since Ch{^'^ , C{E)) is a metric space it is enough to prove that the map is se- 
quentially continuous. Let {v4„|n G N} be a sequence in Ch{^~^,C{E)) converging to an 
asymptotically hyperbolic path A. Let ^(+00) = ^o- Call P^ the spectral projectors on 
E^{Ao) and P+(Ao) respectively. Since Aq is hyperbolic, there exist a pair (c. A) such that 

lle'-^'ip-ll < ce-^*, lle-'-^op+ll < ce-^*, t>0. 
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The sequence {An} converges to uniformly as n -H- oo. Moreover A{t) converges to Aq, as 
t — > +00. Using triangular inequalities we can find r e IR+ and N € N such that, for every 
t > T and n > N 

(82) \\An{t)^Ao\\< ^ 



Mc{l + V^) ■ 



where M = niax{||P+||, ||P ||}. Therefore for every n > N the paths An^r, together with A^, 
fulfill the conditions of Proposition 3.1. In particular there are Sn, S £ £{E^ , £'+) such that 

XAjr)WX„ - W^l„,^ - graph(5„), Xa(t)W^1 ^ graph(5). 

It is enough to prove that Sn converges to S. In fact, by Proposition 4.7, this implies that 
^Ar^{T)W^ converges to Xa{t)W^ and the conclusion follows because Xa„ converges to Xa 
point-wise. For the remainder of the proof we omit the subscript t from the paths. We recall 
that, by (66), given a; € E~ 

00 

(83) Snx ^ P+evo{I - LaJ~\Xa^_{-» ^ P^J^^'^o^^aJXa^A-M- 

k=0 

Since the estimate (82) holds for every n > N we can apply the Proposition 2.2 to An~ and 
An+ in order to obtain uniform exponential estimates 

\\XA„At)XA„As)-^x\\ < ce-^-(*-^)|x| 
\\XA^4t)XA^Ar)~^x\\ < ce^+(*-'-)|a;| 

where and /i+ are the same constants defined in Proposition 3.1. By (54) and (55) there 
exists < a < 1 such that < a for every n> N. Then 

(84) \[L'x^XA„_{-)x]\<ca'^\x\. 

In order to prove that Sn converges to S we show, by induction on A; e N, that L'\^Xa„_ {■)x 
converges to L\Xa_{-)x point-wise. Therefore the series 

00 

Y^evoiL'x^iXA^A-M 

converges point- wise and, by (84), is dominated uniformly on N by the series of the sequence 
{a*^}. This is enough to obtain the convergence of series to the point- wise limit. We claim that 
for every t > 

lim L'x^XA„_{t)x ^ L'x^XA„_{t)x, 

n— >oo 

L'x^XA,,_it)x eE-, if A: IS even, 
L'x^XA„_{t)x e E+, if fc is odd. 

If fc = the thesis follows since x G E~ by hypothesis. Suppose it is true for k E N. If fc is 
odd, by (3) 

(85) L^+iX^„„(t)x= / XA„Jt)XA„jT)-^An^{T)L'x^XA„Ar)xdT 

which belongs to E^ . The last term converges to L\ XA„_{t)x by inductive hypothesis. The 
other converges by Proposition 1.8 and the fact that An converges to A. The integrand of (85) 
is bounded in [0,t\ by 



^2g-,._(t-r) svip\\An\\ooa''\x\ 
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Then, by the dominate convergence theorem, the left member of (85) converges point-wise. If 
k is even, by (3) 



(86) 



Similarly the integrand converges point-wise and is dominated by 

c2a'=e^+(*-^)|a;|sup||A„||oo e L\R+). 

n 

Again, by the dominate convergence theorem, we clinch the point-wise convergence of (86) and 
the inductive step is concluded. Thus 

lim evo[L'X^XA^_{-)x] evo[L'X Xao_{-)x], 

n— >-oo 

|e«o[il^A„_(-)a^]| <ca'|x| 
for every fc G N we have convergence of the series. □ 

We state without proof a couple of facts on compactness useful for the next theorem. 

Lemma 5.2. Let J be an interval of the real line, K G L^{J,L{E)) such that K{t) G Cc{E) 
almost everywhere. Then the map 



Ct{J,E)3u< — > J K{T)u{T)dT e E 



is a compact operator. 



Proof. When K is constant the map is obtained by composition on the left with a compact 
operator. If K is a characteristic function on J it is sum of compact operators. We conclude with 
the density of characteristic functions in L^{J,£{E)) and closeness of compact operators. □ 

Theorem 5.3 (Ascoli-Arzela). Let X be a compact metric space, E a Banach space. A bounded 
subset W C C{X,E) is relatively compact if and only is equicontinuous and, for every x G X, 
the set W{x) = {f{x) | / G W} is relatively compact in E. 

For a proof see [18], pp. 142-143. 

Theorem 5.4. (cf. [3], Theorem 3.6). Let A,B <E Ch(M+, £(£;)) be such that K = B - Ais 
a compact operator for every t. Then Wa is a compact perturbation of Wg and 

dim(M^l,M^|) = dim(£;-(A(+oo)),£;-(B(+oo))). 

Proof. Up to a time shift we can assume that A and B satisfy the conditions of the 
Proposition 3.1. Then and are graph of operators 

Sa e C{E~{A{+od)),E+{A{+oo))), 

Sb e C{E-{B{+oo)), E+{B i+oo))). 

Let P~ {A) and [B) be the spectral projectors of the negative eigenspaces. Observe that 

WX = ker(P+(A) - SaP~{A)), Wf, ^ ker(P+(S) - SbP-{B)). 

The differences P^{A) — P^{B) are compact operators; we wish to prove that SaP~{A) — 
SbP~{B) is also compact. Therefore is a compact perturbation of and, by Proposition 
5.16, 

dixn{W%,W'B) = dim(ker(P+(A) - (A)), ker(P+(B) - SbP'{B))) 

= dim(Range(P+(S) - S'sP" (S)), Range ((P+(A) - SaP'{A))) 
= di^{E+{B{+oo)),E+{A{+oo))) 
= dixn{E-{A{+<x>)),E-{B{+oo))), 
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which is the thesis when and Wg are graphs. In the general case there exists a real r such 
that A{- + t) and B{- + r) satisfy the conditions of Proposition 3.1. Then 

dMWX^.+r),W^Bi.+r)) = dhniXA{r)WX,XBir)WI,) 

= dim{WX,XAiTr^XBiT)W^) 

= dim(Wl, W^l) + dini(iy|,X^(r)-iXB(r)ty|) 

The last term of the equality is because Xa{t)''^Xb{t) can be written as / + {Xa{t)^^ — 
^b{t)~^)Xb{t) which is an invertible operator of the Frcdholm group. Then the conclusion 
follows from Proposition 5.16. Now we write, by (66) 

SaP-{A) = P+{A)evo[{I - LAr'XA^ {■)P'iA)], 

SbP-{B) ^ P+iB)evo[iI - LB)-'XB_i-)P-{B)]. 

Using the Theorem of Ascoli-Arzela we prove first that La — Lb is a compact operator on 
Cb{R+,E). In fact let W be a bounded subset of Cb(R+,E). Given u e W for every t e R+ 
we have 

{LAuYit) = [P+{A)A{t)P+{A) + p-{A)A{t)p-{A)]{LA - I)u{t) + A{t)u{t) 

{LBu)'{t) - [P+{B)B{t)P+{B)+p-{B)B{t)p-{B)]{LB-I)u{t)+B{t)u{t). 

Since A and B are bounded the set { [La — LB)u{t) | u G W} is bounded by a constant that 
depends on t at most. Then {La — Lb)^ is equicontinuous. Now we prove that the set 

{{LA-LB)u{t)\u^W} 

is relatively compact. The prove is carried on interpolating La and Lb and applying Lemma 
5.2 to the differences as follows 

{LA~LB)u{t)^p-{A) f XAAt)XAArr'P-{A)A{T)P+{A)u{T)dT 
Jo 

-P-{B) I XB_{t)XBAry^P'{B)B{T)P+{B)u{T)dT 
Jo 

Xa^ {t)XA^ {t)-^P+{A)A{t)P- {A)u{T)dT 

Xb^ (t)XB^ {t)-^P+{B)B{t)P- {B)u{T)dT. 

Since XA{t) — XB{t) and A{t) — B{t) are compact by interpolation we obtain the sum of two 
integrals on [0, t] and [t, +oo) with compact integrands. We conclude by applying Lemma 5.2 
to the two integrands. By composition SaP~{A) — SbP^{B) is compact. □ 



CHAPTER 4 



Ordinary differential operators on Banach spaces 



Given a path A G C(R, we study the properties of the differential operator Fau = 

u' — Au. When E \s a. Hilbert space the operator can be defined in i7^(]R, £') with values in 
e). By Theorem 5.1 of [3] the operator Fa is Fredholm if and only if the pair W^) 
is a Fredholm pair and 

indFA = ind(M^^,M^;^). 

In this chapter we prove the same result when i? is a Banach space and the operator Fa is 
defined on Cq (M, E) and takes values in Co(M, E), where 



Co(R, E) = {ue C(R, E) I lim u{t) = 
C}. {R,E) = lue (R, E) I lim u{t) = 0, lim u'{t)^o\ . 

I >±oo t— >itoo J 

We remark that the result also holds when Fa is defined on the Sobolev space W^'P{M., E) with 
values in iP(M, E) with p>l. 



1. The operators Ft and F. 



Consider the spaces 
Co 



,E) = \u^C^{M.+ ,E)\ lim u{t)=o\ 

y t-^+ca J 

C}.{M.+ ,E)^\u^C^{M.+ ,E) \ lim u(t) = 0, lim u'{t)={)\] 
we define the operator 

FX ■■ Cl,{M+,E) ^ Co(M+, E), u^u' - Au 

and similarly F^ on Cq (R~ , E) . We wish to prove that when A is asymptotically hyperbolic 
F'X has a right inverse. First observe that in special case A = Aq the operator Fao is invertible 
and its inverse is given by 

(87) RA,h = GAo*h 
for any h € Cq (R, E), where 

(88) GaM - e*^" [i^-(^o)lK+ - P+(Ao)1k-] 

where P~(Ao) and P+(Ao) are the spectral projectors of Aq relative to decomposition (t(Ao) = 
a^iJa~ and and Ijj- are the characteristic functions of the subsets R+ and Mr . Exponential 
estimates of Gao makes Gaq * h a. continuously differentiable function in Cq{M.,E). Moreover 

Fa,{Gao * h){t) = {Gao * h)' - AoiGAo * h) 

^ Ao(Gao * h) + P~h{t) + P+h{t) - Ao(Gao *h) = h- 

hence Rao is a right inverse of ■ Otherwise 

/■t r+oc 

Gao'^Fa^u^ e^'-^'^'^"p-{u' -Aou)dT- e^'-^^^"P+{u' - Aou)dT 
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integration by parts lead to 

g(t-T)Aop-(y/ _ Aou)dT = p-u{t) 



— oo 
+00 

e 



(t-T)Aop+(y/ _ AoU)dT = P+u{t) 



taking the sum we conclude. If A is a asymptotically hyperbolic path we know that and 
are closed and have topological complements. Choose Xs and X„ such that Xs © Wj^ = 
E = Xu®WX and let = X^), Pu = P{Wl, Define 

(89) G\ p^{t, t) = XA{t) [Ps W - (/ - Ps)Iwl-]Xa{t)-^ 

(90) G-Ap^{t,T) = XA{t)[{I - Pu)l^+ - PuIwl-]Xa{t)-^ 

Proposition 1.1. If A is an asymptotically hyperbolic path there are positive constants (c, A) 
such that 

(91) |lGXp^(t,r)|l <ce-^i*-l 

for every {t, r) G M+ x M+. 

Proof. By the Theorem 4.1, if Ps is a projector on Wa, I — Ps is a projector on (W^)-"- = 
WtA*- Hence {G\ p {t,T))* = G-a* ,i~p;{T,t) and it's enough to prove the statement for 
t>T>0. We have' 

\\GXpAt^r)\\ < \\XA{t)PsXAit)-'\\ ■ \\XA{t)XAir)-'\\ 

<c'e-^^'--^\\XA{t)P,XAit)-'\\. 

For every t G R+ Pit) = XA{t)PsXA{t)~^ is a projector onto Xs{t) = XA{t)W% and / - P{t) 
onto Xu{t) = XA{t)Xu- By Theorem 4.1, i) and iii), Xs{t) converges to i?~(A(+oo)), and 
Xu{t) to E^{A{+cg)). Then by Proposition 4.10 the P{t) is bounded (in fact converges to a 
projector). Then the last term of (92) is estimated by Mc'e"'*'*^*"'^^. □ 

This allows us to prove the following 

Proposition 1.2. Let A be a bounded continuous path on R"*". Then Fa^+ is a bounded operator. 
Moreover if A is asymptotically hyperbolic has right inverse also and one is given by 

(93) R\pMt) = I G\p^{t,T)h{T)l^+{T)dT. 

where Ps is a projector onto the stable space. 

Proof. That is bounded it's clear from the definition. We prove that R\ p maps 
Co(M+, E) in Cl{m+,E). In fact if /i € Co then R\ ph{t) is 

r+00 

XA{t)PsXA{T)-^HT)dT ~ / XA{t){I - Ps)XA{T)-^h{T)dT 



hence is continuous and continuously differentiable. By the (91) we have 

(94) \\R\ p h{t)\\ < I ce-^\'-^\\h{T)\dT < ||/i|U / e-^l*-^ldr < Mi^ig-^* 

' ' Jr+ Jm+ 

hence R^.P^h E Co(M+,-B). Since its derivative is 

(95) (^1p»' ^ AR+ ph + h 

and A is bounded, we have Rap h G Co(M^,i?). Actually (94) and (95) say that Ra.p^ is a 
bounded operator. Still from (95) 

Pt^Xp^h ^ {Ra.pM - ^R-A.p^h ^ AR\ ph + h - AR\ ph = h. 

Then R\ p is a right inverse of F^ . □ 
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Similarly we have 

Proposition 1.3. If A is a bounded continuous path on R~ the operator Fa.~ is hounded and 
admits a right inverse if A is asymptotically hyperbolic. One is given by 

R-Aph{t) = f G^pJt,T)h{T)l^-{T)dT. 

where is a projector onto the unstable space. 

The proof is completely similar and we omit it. 

Example 1.4. Notice that if Aq is invcrtiblc but not hyperbolic these operators can be non 
surjective. For example let E be the Euclidean space and define 

^ h\ Af, f cos 9 s'm9 



\-b OJ \—smO cosOJ 

First observe that F^^ is injective: given u in Cq{M.'^,E) such that F^^_^u — 0. We have 
u{t) ~ Rt0u{O) by uniqueness of the solutions of (42). Since Rg is an isometry \u{t)\ = |w(0)| 
for every t > 0. Taking the limit as i — +oo we obtain u(0) = 0, hence u is zero. Now let h 
be a continuous function on M+ that vanishes at +00 and u in Cq (M+, i?) such that F^^u = h. 
Since F^^ is injective 



(96) u{t) = e*^« e-'''"his)ds + u{0) 

is the only solution of the problem. Fix vq in E \ {0} and a in Co(M~'', K"*") not integrable. Let 
h(s) ~ a{s)RsgVQ. Since Rg is an isometry, the norm of u(t) is equal to the one of 

(97) / R-seh{s)ds + u{0) = [ a{s)R^seiRse)vods + u{0) [ a{s)ds vo + u{0). 



Since the last term of (97) does not converge to as t — > +00 the function h is not in the image 
of F+ . 

Given a continuous function h in Co(K~'', E) evaluating R~^ p h a.t t = we obtain a vector 
of ker Ps . Similarly we can evaluate i?^ p h and we have a continuous functions 

r\ p^ : Co(M+, E) X,,, h ^ evoR^ P^h 

r^.p^ ■ Cq{R'' ,E) — > Xu, h !-> evoR^ p^h. 

When no ambiguity occurs on the choice of the path A and the projectors we simply denote 
them by r+ and r^ respectively. We have the following 

Proposition 1.5. (cf. [3], Lemma 4.2). The functions r+ and r~ are linear and continuous 
applications and map Cj?°((0, +00), £') onto Xg and C^((— 00, 0), E') onto Xu- 

Proof. Wc prove the assertion for r+. Since R'^ p is bounded, r+ is bounded. Let v be 
a vector of E and (p G C^((0, +00), R) a smooth function such that 

f/ = - / >p{T)XA{r)-'dT 

is an invertible operator on E. We choose h ~ ip ■ U~^v 

r+h = -{I-Ps) XA{T)-^^iT)U~h'dT 
Jo 



n+oo 

= -{I - Ps) / Xa(t)- V(T)dT[/-l« = (/ - Ps)v. 

JO 



□ 
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In the above proof one could remark that choosing a smooth compact supported function 
ip on R"*" such that J ip = 1, for every v G Xg the function h{t) = ~^{t)XA{t) ■ v still works. 
However h is at most as regular as Xa- 

2. Fredholm properties of Fa 

We show that, as in the Hilbert setting, that the Fredholmness of Fa depend on the 
Fredholmncss of the pair of subspaces (W^, W^)- 

Lemma 2.1. (cf. [3], Proposition 5.2). We have the following characterizations of kerF^ 
and Range i^^: 

(98) ker Fa ^{ue \ u{0) eW^nW^} 

(99) Range Fa = e Cq \ r+p^ h - r^p^^ heWX + W^^ 

(100) Range Fa = { /i G Cq | r+ p^ h - r^ p^^ h e WJTwJ } 

Proof. We omit the proof of (98) that comes straightforwardly from the definition of stable 
and unstable subspaces. Let h £ RangeF^ and m G Cg such that Fau = h. By Proposition 1.2 
we have a decomposition Cq (M+, F) = kerF^ Range p . Thus 

u+ = XA{t)uo + Rtp h+ 

(101) _ _ 

u = XA{t)vQ Rj^ p^h 

where and u~ arc the restrictions of u to the positive (respectively negative) real line. 
Evaluating in and taking the difference of the two equations we obtain 

WX + Wa 3 Wo - Wo = ''a,p„ ^ ^ '^A.P,^- 

To prove the converse let h £ Cq such that r^h — r^h e + W^. By Propositions 1.2 and 
1.3 we have and u~ such that 

(102) FXu+ = h+, F^u- = h". 

In order to exhibit an element of Cq such that Fau = ft, we want to find suitable and 
such that is a continuous function and continuously differentiablc. Hence it's enough 

to choose uq and wq in (101) such that 

(103) w+(0) = M-(0) 

(104) u+'(0) =u^'(0), 

as before evaluate (101) in and set (103) in the left sides. If we choose uq and wq such that 
uo — vq = r^h — r~h = w the joint function u^^u^ is continuous. Differentiating the (101) 

u+'{t) ^ A{t)XA{t)uo + A{t)R+ ph+{t) + h+{t) 

u-\t) = A{t)XA{t)vQ + A{t)R-^p^h- {t) + h-{t) 

we get A{Q){uq — vq ~ w) =0, hence any choice in x that makes u^jj^u'^ continuous it 
also makes it C^. 

The proof of the left inclusion of (100) is completely similar to the above step. Conversely 
suppose that h belongs to the right set of the (100). Let e > and 5 = 1/(||/ - Fs|| • ||f/~^||) 
where U is the operator defined in (1). Set w ~ r\ p h — p h. There exists x G + 
such that jw — a;| < S. By Proposition 1.5 

r+hs^{I-Ps){w-x), hs ^ -(pU-\w - x) 

and \\hs\\ < e. Since has compact support in (0,+oo) it can be extended on with the 
constant value 0. Thus 

r^{h — hs) — [h — hg) = w — r^hg = x + Ps{w — x) 
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is an element of + hence, by (99), h ~ hg is in the image of Fa- □ 

We conclude the chapter with the relationship between the Fredholm properties of Fa and 
the Fredholm properties of the pair W^). 

Theorem 2.2. (cf. [3], Theorem 5.1). If A is an asymptotically hyperbolic path the following 
facts hold: 

(i) Fa has closed range if and only if Wa + Wa is closed, 

(ii) Fa is onto if and only if WX + WX = E, 

(iii) Fa is semi- Fredholm if and only (W^, W^) is a semi-Fredholm pair; in this case we 
also have indF^ = im\{WX,Wl). 

Proof. If W\ + is closed the two sets on the right of (98) and (99) arc equal, hence 
Range coincides with its closure. Conversely, suppose Range F^i is closed and let w be an 
element of VF| + W^. By Proposition 1.5, there exists h smooth with compact support such 
that 

w = PgW + (/ — Ps)w = PgW + h — r~ h 

hence h ~ r~ h is in the closure of + W\. Then, by hypothesis r'^ h — r~ h G W\ + W^, 
hence w € W% + and i) is proved. Suppose Fa is onto, that is the range of Fa is closed. 
By i) Wa + is also closed and there is an isomorphism of Banach spaces 

(105) Co/RangeF^ E/WX + WX, h + RangcFA ^ r+h - r'h. 

It is injective by (99). Given x E E the element h + Range i^^i such that r+/i — r^h = (/ — 
P'')x is in the counter- image of a; -f- + Wa, therefore is surjectivc. The continuity follows 
straightforwardly from the definition of the norm for a quotient space. In fact, for every u g Cq , 
we have 

dist{r+ h - r-h,WX + W^) < diat{r+ h ~ r' h,r+ Fau - r' Fau) 

<i\\r+\\ + \\r-\\)\h-FAu\. 

Taking the infimum over Cq we prove that the application is bounded. We conclude with the 
open mapping theorem. If Fa is onto the quotient spaces Co/Rangei^^i is the null space, then, 
by (105) Wa + Wa = E and the converse is similar, hence ii) is proved. If Fa is semi-Fredholm 
RangeF^ is closed, hence Wa + Wa is also closed. By (98) and (105) the index of Fa and the 
one of the pair {W^, W^) coincide, this proves iii). □ 



CHAPTER 5 



Spectral flow 

Given a continuous path of essentially hyperbolic operators, we can define an integer called 
spectral Bow. The definition we provide in this chapter generalizes the one given by J.Phillips 
for paths of Fredholm and self-adjoint operators and coincides with the one given by C. Zhu 
and Y. Long in [54]. We wish to make our notation coherent with the latter, thus we use the 
notation [P — Q] for relative dimension dim(P, Q) when P — Q is a compact operator. We show 
that the definition of spectral flow depends only on the class of fixed-endpoints homotopy of 
a path. Moreover, the spectral flow of the catenation of two paths is the sum of the spectral 
flows of the paths, hence we have a group homomorphism 

In chapter 2 we established a homotopy equivalence between the space of essentially hyperbolic 
operators eH{E) and the space of idcmpotents P(C) of the Calkin algebra, we denoted it by ^ 
and defined it as 

■^{A) = P+{p{A)) 

where P'^{p{A)) is the cigenprojcctor relative to the positive complex half-plane. In Theorem 
2.3 we prove that there is a strict relation between the spectral flow and the homomorphism (p 
defined through the exact sequence of the bundle {V{E),V{C),p). Precisely, 

Thus the spectral flow inherits all the properties of the index if. The equality holds for every 
Banach space and gives a characterization of the paths whose spectral flow is zero and necessary 
and sufficient conditions in order to have nontrivial spectral flow. 

In the last section we extend the definition of spectral flow to asymptotically hyperbolic 
and essentially hyperbolic paths. We prove that if A is also an essentially splitting path the 
differential operator Fa is Fredholm and 

indF^ = -sf(A) = dim{E-{A{+oo)), E-{A{- oo))). 

In general, none of the these equalities holds. Counterexamples are known even in the Hilbert 
spaces. 

1. Essentially hyperbolic operators 

We recall that an operator A is said essentially hyperbolic ii A + Cc is a hyperbolic element 
of the Calkin algebra C. We denote by eH{E) the set of the essentially hyperbolic operators. 

Lemma 1.1 (Structure of the spectrum). Let A be a bounded operator, D the set of isolated 
points of a (A). Then da (A) \D Ca^iA). 

Proof. We argue by contradiction: let Aq € a{A) \ D. If Aq ^ <7e{A) A~ Xq is Fredholm 
of index k. There exists r > such that for every A € B{Xo,r) \ {Aq} the operator ^ — A is 
Fredholm of the same index and dimker(A — A) and dim coker(A— A) have constant dimension, 
by Theorem B.6. Since Aq is a boundary point there are z,w <E B{Xo,r) \ {Aq} such that 
z e cr{A) and w e p{A). But A - w € GL{E) implies that i?(Ao,r) \ {Aq} C p{A), hence 
z e p{A) and we get a contradiction. □ 
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Theorem 1.2. An operator B is essentially hyperbolic if and only if B = A + K, K G Cc{E), 
A hyperbolic. 

Proof. Let A be a hyperbolic operator. We want to prove that A + K \b essentiahy 
hyperboHc, in fact, by Proposition B.2 we have ae{A + K) = ae{A). Since A is hyperbohc its 
spectrum does not meet the imaginary axis. Suppose B is essentiahy hyperbohc. We show 
that F = cr{B) n iR is an isolated set in cr{B) and therefore finite (since is compact). We argue 
by contradiction. Suppose A is not isolated. By hypothesis B — \ \s Fredholm. Let C be the 
connected component of A in a{B) n iM. It is a closed interval of the imaginary axis. Let 

J = -i(C n iM), a = max J. 

By Proposition B.5 i? — a is Fredholm with the same index as i? — A. By Theorem B.6 there 
exists r > such that, for every w € B(ia, r) the operator B — w is Fredholm and 

dimker(_B — w), dim coker(i? — w) 

are constants, for every w G B{ia,r) \ {ia}. Since a connected component is maximal respect 
to the inclusion ia is not an internal point of cr(i?) H iM, hence there exists < t < ?' such that 
i{a + 1) is not in the spectrum of B, hence B — i{a + 1) is invertible and its kernel and co-kernel 
are the null space, hence B — i{a — t) is also invertible, thus the connected component of A 
consists of {A}. This proves that A is not an internal point of cr{B); it is not isolated neither, 
by hypothesis. Therefore Lemma 1.1 allows us to conclude that A G (Te{B) which contradicts 
the hypothesis. 

Now we can write the spectrum as cr(-B) = cr^ U U {Ai, . . . , A„} and choose a family of 
paths that surrounds cr{B) in C, say P = {7+, 7", 71, . . . , 7„}. We have projectors {P^, ,Pi}. 
Since all the points oi a{B)r)iM. are isolated eigenvaiues of B, each B — Ai is a Fredholm operator 
of index 0. By Theorem 5.28, Ch. IV, §5.4 of [30], each eigenprojector Pi has finite rank. 
Thus 

Cn \ n 

B{p+ + p-) + Y,pn -{i-B)Y, p^- 
1=1 / 1=1 

□ 

The space e7i{E) is an open subset of C{E) hence is locally arcwise connected. Theorem 
1.2 and Proposition 1.1 allow us to connect the operator B to the square root of unit 

n 

p+{b)~p~{b) + J2p,. 

i=l 

Moreover, if there exists a path that connects 2P—I and 2Q — / in eH{E), by Theorem 4.2, there 
exists T invertible such that TPT^^ — Q is a compact operator. For instance, if P is a finite 
rank projector and E is an infinite dimensional space we always have at least the components; 
the one that contains 2P — / and the one of 2(/ — P) — /. We denote them by eH+{E) and 
e7i-{E) respectively. By Theorem 1.2 we have 

en+iE) = {A G n{E) I Rcz > Vz G ae{A)} 
e'H-{E)^{Ae'H{E) \ Rez < Vz G CTe(A) } ■ 

These are star-shaped to / and —I respectively, hence contractible. There are infinite dimen- 
sional Banach spaces (see Corollary 19 of [26]) where the only complemented subspaces are 
the finite dimensional and the closed infinite dimensional. For such spaces e'H+(i?) and eT-L^ (E) 
are the only connected components of e'H{E). 
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2. The spectral flow in Banach spaces 

A definition of spectral flow for Banach spaces and essentially hyperbolic operators has 
been given in [54]. For sake of completeness we restate it and show that, using the homotopy 
lifting properties of the locally trivial bundle {V{E),V{C),p), the spectral flow can be computed 
more easily and some properties, like homotopy invariance can be proved without considering 
partitions of the unit interval. 

Let A he a. continuous path on [0, 1] of essentially hyperbolic operators. By composition, 
we have a continuous path 

a{t)=p{P+{A{t)))eV{C{E)). 

By Theorem 4.2, there exists a continuous path of projectors, P such that p{P) = a. We have 
an integer associated to it 

(107) sf (A; P) = [P(0) - P+(A(0))] - [P(l) - P+(A(1))] . 

Moreover, given Q such that p{Q) = a, by Theorem 3.3, we have 

sf (A; Q) = [Q(0) - P+(A(0))] - [Q(l) - P+(^(l))] = [Q(0) - P(0)] + [P(0) - P+(A(0))] 

- [Q(l) - P(l)] - [P(l) - P+{A{1))] = sf(A; P). 

Definition 2.1. Given A as above, we define the spectral How as the integer si{A;P) where 
P is any of the paths of projectors such that p{P{t)) = P^ {p{A{t))) . We denote it by sf(A). 

Proposition 2.2. The spectral flow satisfies the following properties: 

(i) It is well behaved with respect to the catenation of paths; thus, on the fundamental 
group, the spectral flow induces a "L-valued group homomorphism; 

(ii) the spectral flow of a constant path or a path in T-LiE) is zero; 

(iii) it is invariant for free-endpoints homotopies in HiE) and for fixed- endpoints homo- 
topies in e'H{E). 

Proof, i). Let A,B be two paths such that A{1) = P(0). Wc can choose paths of 
projectors P and Q such that p{P) = *(A) and p{ff) = ^"(5), with (3(0) = P(l). Denote by 
C and R the catenation of A^ B and P, Q respectively. Then, 

si{A * B) = [Ro - P+{Co)] - [Pi - P+iCi)] 

= [Po - P+(Ao)] - [Qi - P+(Pi)] = [Po - P+(Ai)] 
- [Pi - P+(Ai)] + [Qo - P+(Po)] - [Qi - P+(Pi)] 
= sf(A) +sf(P). 

ii) . If A is constant, the path P can be chosen to be constant. Hence the spectral flow is zero. 
If A is hyperbolic, P^{A{t)) is continuous and can be chosen as lifting path of ^1/(^4). Hence, 

sf(A) = [P+(A(0)) - P+(A(0))] - [P+(A(1)) - P+(A(1))] = 0. 

iii) . Let H : I x I eH{E) be a continuous map. There exists P: I x I V{E) such that 

P(t,s) - P+{H{t,s)) e Cc{E), for every t,s. 

Let iJ(-, 0) = A and H{-, 1) = B. We have 

sf (A) = [P(0, 0) - P+(i/(0, 0))] - [P(l, 0) - P+(i/(l, 0))]. 

For i = 0, 1 and every s, the operator P(i, s) — P^{H{i, s)) is compact. The right summand is 
constant or continuous, whether the homotopy has flxed endpoints in e'H{E) or laying in 'H(E). 
In both cases 

[P{i,s) - P+{H{i,s))] =k, for aU s,i = 0,1. 
Thus, sf (A) =ko-ki= sf(S). □ 
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Given a projector P of E, we consider the connected component of eHi^E) of the hyperbohc 
element 2P — /. On its fundamental group, we have defined the spectral flow. We have the 
following 

Theorem 2.3. For every projector P, sf2p^/ = — (ySp o vp^. 

Proof. Given a loop A in eH{E), there exists a path of projectors P such that P — P'^ (At) 
is compact. By definition oi tpp, 

V^p(vI/,(^)) = [Pi - Po] = [Pi - P+(^i)] - [Po - P+{A,)] = -sf2P_/(A). 

□ 

The theorem says, in particular, that the homomorphisms have the same kernel. Hence we 
have a characterization of the kernel of the spectral flow. 

Proposition 2.4. A path loop A has spectral flow equal to zero if and only if there exists a 
continuous loop (3 in V{E) such that 

/3(t)-P(A(i);H+) 

is compact for every t S [0, 1]. 

The theorem states also that they have the same images. Thus we have a characterization 
of the image of the spectral flow also. 

Proposition 2.5. Given a Banach space E and a projector P there exists a loop of essentially 
hyperbolic operators based on 2P — / with spectral flow k if and only if the projector P is 
connected to a projector Q such that P — Q is compact and [P — Q] ^ k. 

In general all the facts proved for the index cp are true for the spectral flow: if P e P(P) 
and the hypotheses hi), with m = 1 and h2) hold, the spectral flow is an isomorphism on 
7Ti{eH{E), 2P — /) with Z. If E satisfies the hypotheses of Proposition 8.4 it is surjcctive. 

s-sections of spectral projectors. Essentially hyperbolic operators coincides are the admis- 
sible operator defined in [54], for which C. Zhu and Y. Long define the spectral fiow. In order 
to compute the spectral flow, we use a continuous path of projectors P such that P— P+(A(t)) 
is compact for every t. According to their Definition 2.1, P is a s-section for P+(A(t)) on 
[0,1]. In Definition 2.6 of [54], in order to compute the spectral flow, they divide the unit 
interval in sub-intervals where a s-section of spectral projectors exists. In fact, globally defined 
s-sections of spectral projectors do not exist in general. Consider, for instance 

A{t) = (2P - 1) + (2t - 1)P„ 

where P, P„i are projectors such that PP,n = PmP = and P,„ has finite rank m and P has 
infinite-dimensional kernel and image. In conclusion, if we do not put restrictions on the choice 
of an s-section, we always have globally defined s-sections. 

3. The Fredholm index and the spectral flow 

Given an asymptotically hyperbolic path A in e'H{E) the spectral flow can be deflned as 
follows: since T-L{E) is an open subset of C{E) there exists 5 > such that A{{—oo,—S\ U 
[5, +oo)) C UiE). Then dcflne 

(108) sf(A) :=sf(A, [-(5,5]). 

That the definition docs not depend on the choice of 5 follows from ii) of Proposition 2.2. 

Definition 3.1. A splitting E = Ei ® E2 is called essential for an operator T if there exists a 
compact perturbation Pq of T such that T^^Ei) C Ei. 
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In fact it is easy to check that the above sphtting is essential for an operator T if and only 
if [r, P(£'i, i?2)] is a compact operator. Given an asymptotically hyperbolic path A we denote 
by i?+(+oo) and -E'~(+oo) the images of the spectral projectors of ^(+00). Similarly we define 

E+{~oo) and E-{-oo). 

Definition 3.2. An asymptotically hyperbolic path is called essentially splitting if and only if 
the following conditions hold: 

(i) the splittings E = E+{+oo) ® £'"(+00) and E = £'+(-00) © E^ {-00) are essential 
for A{t), t > and t < respectively; 

(ii) 00) is compact perturbation of i?~(+oo). 

We can prove the following 

Theorem 3.3. (cf. Theorem 6.3, [3]). If A is asymptotically hyperbolic and essentially 
splitting, the operator Fa is Fredholm and indF^ = dim{E~ {A{+oo)) , E~ {A{—oo))) . 

Proof. Denote by P^(+oo) and P^(— 00) the spectral projectors of A{±oo). The follow- 
ing paths 

A+{t) = A{t)~[A{t),p- {+00)] ifi>0 

A^{t)^A{t)-[A{t),P+ {-00)] ift<0 

are compact perturbations of A and leave respectively E^{+oo) and cx^) invariant. Since 

A+{+oo) = A{+oo) by Lemma 4.2 we have 

WX^^E-{+^), Wl_ ^E+{-^). 

By Theorem 5.4 W\ and are compact perturbation of £^(+00) and £+(—00). respectively. 
By hypothesis {E~ (+00), E^{—oo)) is a Fredholm pair. By Proposition 5.13, the pair (W^, W^) 
is Fredholm, hence, by Theorem 2.2, Fa is Fredholm and 

vadFA = dim{W%,Wl) = dim(Wl, £" (+00)) + ind(p-(+cx)), £+(-00)) 

+ dim.{E+{-oo),W'X) = dim{E-{+oo),E-{-oo)). 

□ 

For essential splitting path we are able to compute the spectral flow. First we need the 
following 

Lemma 3.4. Let A he an asymptotically hyperbolic and essentially hyperbolic path. It is es- 
sentially splitting also if and only if the set {P'^ {A{t)) \ t e M} is contained in the same class 
of compact perturbation. 

Proof. Suppose A is essentially splitting and consider the restriction on half line R+; 
hence, using the decomposition E = E^ © E^ , we can write 




where K± and i^ip are compact operators because A is essentially splitting. Since ^+(+00) is 
hyperbolic there exists t+ > such that +00)) C 'H{E^) and 

\\P+{A+{t))-P+{A+{+^))\\<l. 

But A+{-\-oo) has positive spectrum, hence P+(A+(-|-(X))) = /. Since at distance smaller than 1 
from the identity there are not projectors other than the identity, P+(A+(i)) is the identity too 
on E^ if t e [t+, +00). Since A is essentially hyperbolic on E, A+ is also essentially hyperbolic 
on £+ and we have a path in [0, i+] 

A+: [Q,t+] ^ en{E+), A+{t+) e eH+iE+); 

since e'H^{E^) is a connected component yl+([0,t+]) is contained in eH+{E^). Thus the posi- 
tive eigcnspaces have finite co-dimension for every t > 0. It is easy to check that two projectors 
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P+(A+(s)) and {A-^-{s')) with ranges of finite co-dimension have eompact difference: the 
operator 

P+(A+(s)) - P+{A{s')) = -/)+/- P+{A{s')) 

is sum of finite rank operators. Similarly P+(^_(+oo)) = and there exists i_ < such 
that the positive projector of A^{t) is zero for t < t-. Thus A-{t) for > t > t_ is a path 
of continuous essentially hyperbolic operators that intersect a connected component, that is 
eH-{E~); by continuity of A the whole path lies eH-{E~). If to > max{t+, — t-} wc can write 
for every t > 

P+{A{t)) P+{A+{t)) + P+{A^{t)) P+(A+(to)) + P+(A-(io)) 
= Ie+®Qe- =P+(+oo) 

where denotes the relation of compact perturbation. Similarly, we can prove that P^{A{t)) 
is compact perturbation of P+(— oo) for every t < 0. By hypothesis, P+(+oo) — P+(— oo) is 
compact, hence all the positive projectors (and thus the negative) are compact perturbation one 
of each other. Conversely, if {P^{A{t) | t e M} is in the same class of compact perturbation, 
we have 

[A(t),p-(+oo)] = [A{t),p-{Am ~ [A(t),p-(A(t)) - p-{+^)] 

for t > Q. The first term of the second member is 0, the last is compact by hypothesis. The 
proof for t < is similar. □ 

We conclude the chapter with the proof that for an asymptotically hyperbolic path which 
is essentially splitting and essentially hyperbolic there holds si{A) = — indPyi- 

Theorem 3.5. Let A he an asymptotically hyperbolic path and essentially hyperbolic such that 
{P~^ {A{t)) I t € R} are compact perturbation of each other. Then 

(109) sf (A) = - dh-niE- (A(+(oo))), E- (A(-oo))) 

Proof. Let 5 > Q such that A((— oo, —5] U [5, +oo)) C HiE). Since aU the projectors are 
compact perturbation of each other, the spectral flow can be computed by using P = P+(A((5)). 
Hence 

sf{A) = [P+{A{d))-P+{A{-S))]. 

Since A is hyperbolic in (— oo — 5] U [5, +oo) the path P+(A(t)) is continuous on this subset. 
By Theorem 3.3, 

dim{E^{A{+oo)), E~{A{^ oo))) = -[P+{A{5)) - P+{A{-6))] = -sf(A). 

□ 

Thus, Theorems 3.5 and 3.4 give for essentially splitting paths in eT-L{E) the equality 
indP^ = — sf(j4). If A is not essentially splitting counterexamples are known even in a Hilbert 
space; here we describe the Example 7 of [3], Ch. 7. 

Example 3.6. In Proposition 4.3 we showed how to patch a discontinuity of a path A with- 
out changing the stable space of A+ and the unstable space of A^ . Here we describe another 
method; let X and Y be closed isomorphic subspaces that admit isomorphic topological com- 
plements X' and Y' . Define P = P{X,X') and Q — P(Y, Y'). We have a piecewise continuous 
path 



Ait) 



2P-I t>l 
2Q-I t<-l 



call A" and the restrictions of A to the positive and negative half-line; by Proposition 4.3, we 
know that W^, = X, = Y. There exists an invertible operator T such that TQP-^ = P 
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which means, in particular, that TY = X. If GL{E) is connected, there also exists a path U 
that [/(-I) = / and C/(l) = T. Define 

( 2P-I t>l 
^£/(i) = < U{t){2P - I)U[t)-^ -l<t<l ; 
\ 2Q-I t<-l 

the path Ajj is continuous and hyperbolic, hence, by ii) of Proposition 2.2, sf(Aj/) is zero. By 
iii) of Theorem 2.2, the operator Fa is Fredholm if and only if the pair (X, Y) is Fredholm. 
Thus, 

si{Au) ^ -mAFAjj 
if {X, Y) is a Fredholm pair of index fc 7^ 0. 

The result of Theorem 3.5 is meaningful for Hilbert spaces too. It is interesting detecting 
a class of paths of essentially hyperbolic operators such that (109) holds and the spectral flow 
does not depend on the endpoints alone, but also on the homotopy class of the path. 
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The Cauchy problem 



Let _E be a Banach space and let / be a function defined on a open subset CI CRx E with 
values in E. We denote hy ilt = {u E E \ {t,u) £ il}. We require / to have these properties: 

(i) / is continuous 

(ii) for any t G M. such that fif 7^ there exists an open subset M. ^ Ut 3 t and a constant 
M such that f{t',-) is a Lipschitz function with constant M for every t' in Ut- 

Theorem A.l (Cauchy). Let f and be as above. Then for every (to^uo) G there exists an 
open ball Bit^^r) and u G {B {to , r) , E) such that G fl for every t G B{tQ,r) and 

u'{t)^f{t,u{t)) . 
u{to) = Uq 

moreover, if there exists an open interval J 9 to andv G C^{J,E) satisfying the same conditions 
as {u, B{tQ,r)) u and v coincide in the intersection B{to,r) D J. 

Proof. Set zo = {to, ito). There exists an open neighbourhood of zo, D{to, a) x B{uo, b') C 
n. By compactness of D{to,a) we can find a open ball B{uo, b) such that f{D{to, a) x B{uo, b)) 
is bounded, call m its bound. For any r < a let Er be the space C{Jr, B{uo, b)) endowed with 
the supremum topology. If v Cz Er {t, v{t)) G Jr x B{uq, b) C il, thus we can define 

^uo+ [ fis,v{s))ds. 



Since 



Jlf{s,v{s))ds 



< rM for every t G Jr we have 

^f{v){t) G B{uo,mr). 



Still by compactness of D{to,a), by property iii), there exists k G such that for every 
t G D{tQ, a) the function f{t, •) is Lipschitz with constant k in flf Let v,vu € Er- Hence 

- $/(?«)|| < kr\\v - ti;||. 

If we choose rm < b and fcr < 1 we make $/ a contraction of Er into itself. Hence $ / has a 
unique fixed point u. Then (u, B(to,r)) fulfills the requirements. □ 

Proposition A. 2. Suppose f and D, as in the theorem. If u and v are two solutions defined 
on a connected open interval J and coincide in t^ £ J then u and v coincide in J. 

Proof. Let A = {t E J \ u{t) = v{t)}. Since u and v are continuous A is a closed subset 
of J. By hypothesis we know that is nonempty. We prove that A is also open (hence A = J). 
Let t' e A, uo = u{t') = v{t'). By Theorem A.l there exists a solution w G {B {f , ra) , E) 
such that w{t') ~ u^. By uniqueness of local solutions B{t',ro) C A. □ 

Definition A. 3. Let {u, J) be a solution. Then {v, J') is a prolongation of {u, J) ii J ^ I and 

v{t) = u{t) for every t € J. 

Using Zorn's Lemma it is easy to prove that for a solution (u, J) there exists a unique maximal 
prolongation (v, J'). There many criterions to establish when a solution (u, J) can be extended 
to a bigger interval J'. Here's an example: 
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Lemma A. 4. Let {u, B{to,r)) be a solution of {f,fl) and suppose that the set {f{t,u{t))} is 
bounded in E and It„+r o,nd It„-r o,i"e nonempty. Then there is a prolongation {w^ B{to^r')), 
r' > r. 

The Lemma can be used to prove the existence of global maximal solution in some particular 
case. First wc need the 

Lemma A. 5 (Gronwall). Let w, (j), '0 be continuous real valued functions on the compact interval 
[a, b] such that the estimate 

w{t) < (j){t) + I w{s)ip{s)ds; 

J a 

for every a < t < b. Then for every t in the interval the estimate 

w{t) < (pit) + J 0(s) (expj^ tpiOd^^ ds 

also holds. 

Using Gronwall's Lemma wc can prove the following statement. 

Proposition A. 6. Suppose Q, is the product J x E where J an open connected interval o/M. 
If for every ig G J there exists a function fc G C(J, E) such that 

\f{t, u) - fit, v)\ < k{\t - to\)\u -v\, toe J; 

then every solution admits a prolongation to the whole interval J . 

It is easy to check that the pair (/, fi) satisfies the three conditions of the Theorem A.l. 
Thus, given (to,uo), there exists a maximal solution (u, B{to,r)). Since the domain J7 is a 
product the sets ItQ+r and Ito-r are nonempty. Moreover, for every t G B(to,r) we have the 
estimate 

\u{t)\<\ua\+ f k{\s - to\)\u{s) ^ uo\ds; 

Jto 

applying the Gronwall's Lemma we can conclude that u is bounded, hence admits a prolongation 
by Lemma A. 4. 

The Proposition A. 6 applies to the particular case: let f2 = J x be the domain of / and 
A G C{J,C{E)), b G C{J,E) be two continuous functions. The Cauchy problem 

f{t,u) ^ A{t)u + b{t), n = JxE 

admits unique global solutions defined on J. We conclude by remarking that the theorems of 
existence, prolongation and the related results can be restated in a more general setting: by 
step function we mean a finite sum of characteristic functions. Let '^(J, E) be the vector space 
of step function. As a subset of L°°{J,E) we can consider the closure 

Definition A. 7. An element of is called regulated function. 

Here are the hypotheses of the Theorem A.l for regulated functions: we / and fl to solve 
the conditions 

(i) for every w G C{J,E) such that {{t,w{t))} C il f{t,w{t)) is regulated, 

(ii) for any point {t, u) G there are an open neighbourhood B{t, r) xB{u, b) and M G M+ 
such that / is bounded B{t, r) x B{u, b), and f{s, •) is Lipschitz with constant M. 

For the proofs and more details see [18]. 
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Fredholm operators 

Given an operator T: E ^ F wc can consider the spaces kerT and E/Ra.ngcT. The latter 
is called co-kernel and is denoted by cokerT. 

Definition B.l. An operator T e C{E,F) is called semi-Fredholm if kerT and RangeT are 
closed and at least one of kerT and cokerT has finite dimension. It is said Fredholm if both 
have finite dimension. 

The Fredholm index of a (semi) Fredholm operator is indT = dim kerT — dim cokerT. We 
denote by F{E, F) the set of Fredholm operators. 

Proposition B.2. IfT:E^Fisa Fredholm operator and K a compact operator then T + K 
is Fredholm operator and ind(T + K) = indT. 

Proposition B.3. An operator T G C{E,F) is Fredholm if and only if is essentially invertible, 
that is, there exists S € C{F, E) sueh that 

ST = 1 + K 
TS = I + H 

where K and H are compact operators on E and F respectively. 

Proof. Since kerT and RangeT arc complemented subspaces of E and F respectively 
there are X C E and Y C F such that = kerT ® AT and F = Y ® RangeT. The restriction 
of T to A maps isomorphically A onto RangeT, let a be its inverse. Hence, given a pair (y,r) 
in F we have 

To (Offi cr)(y,r) = r; 

hence 

T o (0 e cr) = P(RangcT, Y) = I - P{Y, RangeT) 

where the last term denotes the projector onto Y along RangeT. Since Y has finite dimension 
it is a pertm'bation of the identity by a finite-rank operator, hence compact. Similarly 

(0 © cr) o T = P(A, kcr T) = I - P(ker T, A) 

is a compact perturbation of the identity. Hence we can choose S* = cr. In order to prove 
the converse observe that if S is an essential inverse of T we have the inclusions 

ker T C ker S" o T = ker(/ + K), 
RangeT D RangeT 06" = Range (/ + H) 

where the right members have finite dimension and finite co-dimension because by Proposition 
B.2 a compact perturbation of the identity is Fredholm. □ 

Proposition B.4. Let A g C{E,F) and B e C{F,G) be two Fredholm operators. Then BA is 
Fredholm and its index is indB + indA. 
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Proof. For the sake of simplicity we denote by k and c the dimension of the kernel and 
the co-kernel respectively. Set T = BA. Since A is Fredholm there exists a finite-dimensional 
subspace X C E such that 

kerT = ker^ ® X; 

the restriction of ^ to X is an isomorphism with kcrS n Range A. Thus 

(110) A:(T) = fc(yl) +dimkcrSn Ranged. 

The image of T is S (Ranged). Consider the inclusion of subspaces 

i? (Range A) C Ranged C G; 

the co-dimension of B(RangcA) in Range i? can be computed as the co-dimension of Range A + 
keri? in F, hence 

c(T) = c(B) + codim(RangeA -I- kei B) 

(111) 

= c{B) + codimRangeA - {k{B) + dim Ranged n kerS). 
Thus adding the results of (110) and (111) we obtain 

indT = k{T) - c{T) ^ k{A) + dimkcrS n Range A - c{B) - c{A) 
~ k(B) - dimRangeA n kerS = vaAA -\- vaAB. 

□ 

Proposition B.5. The subset J-{E,F) C C{E,F) is open and the Fredholm index is a locally 
constant function with values in Z. 

Proof. We use the Proposition B.3. Let T be a Fredholm operator and S be an essential 
inverse, that is TS — / is a compact operator. For every operator H such that < 11511"^ 
we have 

(T + H)S = TS + HS = I + K + HS = {I + HS) + K 

where if is a compact operator; since / + HS is invertible we can multiply both terms by its 
inverse and obtain 

(T + H)S{I + HS)-^ =1 + K{I + HS)-^ 

hence S{If + HS)^^ is an essential right inverse for T + H. Similarly we can write S{T + H) — 
I + SH + K' where K' is compact. Since / + SH is invertible we obtain 

(/ + SH)-^S{T + H)=I + {I + SH)-^K' 

and prove that T + H has an essential left inverse also. Hence B{T, ||S'||~^) C T{E,F). We 
compute the index of T + iJ using the Propositions B.4 and B.2 

ind(r + iJ) = -mdS{I + HS)-^ = -indS*- md{I + HSy^ 
= — ind S = ind T. 

□ 

The preceding statement and the Proposition B.2 say that the index of a Fredholm operator 
is stable under small or compact perturbations. Here we state a more specific result regarding 
the dimension of the kernel and the co-kernel 

Theorem B.6. (cf. Theorem 5.31, ch. IV §5.5 of [30].) Let T be a semi- Fredholm operator 
from E to F and A bounded. There exists S > such that, for every < |A| < 5 the quantities 

dim ker(T + XA) , dim coker {T + XA) 

are constants. 

In order to prove the theorem we need the following lemma. 
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Lemma B.7. Let T be an operator with finite- dimensional kernel from E to F and X C E a 
closed subspace. Then T{X) G F is closed. 

Proof. We use the fact that an open hnear operator maps closed subspaces containing 
the kernel in closed subspaces. The purpose is to show that there exists Y C E closed such 
that T{Y) = T{X) and Y D kerT. Such space can be taken as y = kerT + X which is closed 
because the kernel has finite dimension. □ 

We arc now able to prove the theorem. First we show that the theorem cannot be extended 
to a neighbourhood of zero. Let P be a projector of finite co-dimension non surjective, hence 
it is a Fredholm operator and let A = I — P. Let x £ ker(P + XA) with A 7^ 0. We can write 

Px = -X{I - P)x 

hence both — A(/ — P)x and Px arc zero. Since A 7^ we also have (/ — P)x = thus 
X = Px + {I — P)x = 0. We have proved that P + XA is injective, but P is not injective. 

Suppose first that ker T has finite dimension. Using induction we can build two decreasing 
sequences of closed subspaces {£"„}, {En} of E and F respectively as follows 

( Eo = E ( Eo = F 

\ En+l = A^^{TEn) \ En+1 = TEn 

these are all closed spaces by the previous lemma. We have AEn C En and TEn ~ En+i for 
any n E N. Let 

Ecu = En 
n>0 

- n En, 

n>0 

If x G kcr(T + XI) and A 7^ using induction on the equality X~^Tx = —Ax it is easy to check 
that X G E^. It is clear that T{E^) C E^; we prove now that T{E^) = E^. Given y £ E^ 

T-\{y}) nE^= T-\{y}) n ( fj En) = f] {T-\{y}) n En); 

n>l n>l 

since En+i = T{En) for 71 > 1 the last member is a decreasing intersection of finite-dimensional, 
since kerT has finite dimension, of affine subspaces. Hence the intersection is nonempty. Call 
T^ the restriction of T to E^. We proved that T^ is surjective and Fredholm. By Proposition 
B.5 there exists (5 > such that the operator T^ + XA^j is Fredholm, of constant index, and 
surjective. If |A| < 6 and A 7^ 

ind(T^ + XA^) = dimker(T + XA). 

and is still constant as long as A 7^ 0. If cokerT has finite dimension the same steps can be 
repeated for T*. 
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Spectral decomposition 



We recall some basic definitions and results on spectral theory. Given a Banach algebra B 
with unit 1, the spectrum of an element 2; G S is the set 

{A e C I x - A - 1 ^ G{B)} 

where G{B) is set of invertible elements of the algebra; since this is an open subset of the 
algebra, the spectrum is a closed subset of the complex plane. It is usually denoted by (t{x) or 
(Tsix). Moreover, the following properties hold: 

(i) a{x) is compact; 

(ii) a(tx) = ta{x) and <j{x + t) = cf(x) + t; 

(iii) given p and q idempotents elements of B such that p + q = 1, we define two sub- 
algebras 

Bp = {pyp -y & B}, Bg = {qyq -.yGB}. 

Each of the elements pxp and qxq has a spectrum in the respective algebra it belongs 
and 

a{x) = GB^ipxp) U (TB^{qxq). 

Definition C.l. Let C C be an open subset of the complex plane and K <Z 0,^ compact. 
Let F be a collection of continuous curves 7^ : [a, 6] — >■ C such that 7^ n = 0. We say that F 
surrounds K in ii 

1 f dX f 1 if c e A" 



where Indr(C) is the sum of ind-y. (C). 



iiCi^ 



Lemma C.2. Suppose B is a Banach algebra, xGB,a^C, CT(a;) and F surrounds a{x) 
in n. Then 

1 

for every n G Z. 



(a - A)"(A - x)-^dX = (a - x)". 



The proof is made by induction on n. The case n = is provided by the Neumann series (see 
[46], Lemma 10.24). 

Let x G B and and tT_ closed subsets of cr(a;) such that a{x) ~ <t_ U ct-i- and (t_ H cr+. 
There is a pair of open subsets 

di}+ ~ 7+, dfl- = 7_ 
where 7± are continuous curves and 7± surrounds a± in fl±. 
Theorem C.3. Let x and 7± as above. Then, the integrations 

1 
27ri 



P (x) = I (p-x) ^dp. 
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are projectors ofB, called spectral projectors. In the Banach algebras p^Bp^ and p Bp the 
elements xp'^ and xp~ have spectrum cr+ and cr_ respectively. 

Using the Fubini-Tonelli theorem it can be checked that p^p^ = p^p^ = 0. Applying the 
previous lemma with n = we also have p'^{x) + p~{x) = 1. Hence 

+ 2 + -2 _ 

p =P , P ~P ■ 

Theorem C.4. Let i7 C C and x ^ B such that cr{x) C O. Let / be a holomorphic function 
on and F surrounding (j{x) in $7. Thus, the integration 

defines an element of B. The following properties hold: 

(i) fg{x) = f{x)g{x); 

(ii) ^f[x)=g{f{x))- 

(iii) a{f{x)) = f{a{x))- 

(iv) on the subset {x : cr{x) C fi}, / is continuous. 

Example C.5. Let A be a bounded operator such that ||Aj| < 1. There exists R such that 
i?2 = / + j4. We consider the power series expansion in a neighbourhood of the origin of 
f{z) = \/l + z. Thus, R = f{A) is a solution of the equation. Moreover, the path 

t ^ J{tA) 

is continuous and connects the operator R to the identity. 
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Continuous sections of linear maps 



Wc recall some classical theorem that regards continuous selection We begin with the result 
of Bartle and Graves. Let X and Y be Banach spaces and let i : E' — > F be a linear surjective 
application. We do not require L to be bounded. Define 

I{L) = sup inf |a;|. 

\y\=lLx=y 

It is easy to check that if L is injective also and is bounded I{L) ~ ||L~^||. Let T be a 
paracompact Hausdorff space. The conditions of the theorem are the following: for every i G T 
we are given a bounded surjective operator S{t) € Y) which is strongly continuous. Define 

Mo(S) = sup||5(t)||, No(S) = sup I{S{t)) 
teT teT 

the map s: C{T,X) — > C{T,Y), x H> sx{t) = S{t)x{t) is well defined. Structures of Banach 
space on C{T,X) and C{T,Y) are not required. 

Theorem D.l. Suppose both Mq and Nq are finite. Fix N > Nq and e > 0. For every 
y S C(r, Y) there exists x e C{T, X) such that sx ^ y and 

(112) \x{t)\<N\y{t)\+e. 

for every t G T. 

For the proof see [7], Theorem 4. As application of this results consider the situation of 
two Banach spaces E, F. Let T be a topological space and y G C{T, F) and x G C(T, E) such 
that x{t) ^ for every t E T. Let x ~ x/\x\ 

Corollary D.2. For every 6,e>0 there exists L/| G C{T,£{E, F)) such that Ul{t)x{t) = y{t) 
and 

\\UI{t)\\< {I + 5)^^+8 

Proof. Wc briefly check that the conditions of the theorem are fulfilled. As Banach spaces 
we choose X = C{E, F) and Y ^ F. Since x{t) ^ for every i G T we have a map 

S: C{T,C{E,F)) C{T,F), U ^ U ■ {x/\x\). 

Strong continuity is trivial. Let t G T and y E F. By Hahn-Banach there exists £^ £ E* such 
that {(,x{t)) = 1, 1^1 ^ 1. Then the operator 

maps x{t) in y and \\U\\ = \y\. On the other side there can be no operator U such that Ux{t) = y 
and ||?7|| < \y\. This proves that s{t) is surjective and I{s{t)) = 1. Thus No{S) = 1 and clearly 
Mq{S) = 1. Fix (5, £ > 0. Let y G C{T,F) be a continuous function. Since 1 + 5 > there 
exists U G C{T,C{E,F)) such that 

U{t)x{t) ^ y{t)/\x{t)l \\U{t)\\ < (1 + <5)M!)I + e. 

\x{t)\ 

Thus U{t)x{t) = y{t) for every teT. □ 



Proposition D.3. Let E,F Banach spaces and f G C{E,F) a bounded surjective operator. 
There exists a continuous map s S C{F,E) such that f o s — id. 

Proof. The Theorem D.l can be applied as follows: since F is metric is a paracompact 
space. For every x G F we define 

L{x) : C{F, E) ^ C{F, F), s^ fos. 

Since L is constant on F is clearly strongly continuous, in fact is bounded. Then there exists 
s £ C{F, E) such that Ls = id, thus f o s ^ id. □ 

Proposition D.4. Let A and B Banach algebras, ip: A ^ B a surjective homomorphism. 
There are local section of ip: G{A) — ip{G{A)). 

Proof. First let s be a continuous right inverse oi (p: A ^ B. Such a section exists by 
Proposition D.3. Let yo in ip{G{A)) and a;o G G{A) such that i^(a;o) = Ho- We can define 
another right inverse of ip such that 

S{y) = s{y) + xq - siyo), S{yo) = xq. 

Since G{A) C ^ is open, there exists S > such that B{xo,6) C G{A). Thus S'^{B{xo,S)) C 
ip{G{A)) and the restriction of S to S~^{B{xo,S)) is a local section on a neighbourhood of 
Vo- □ 
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